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Introduction 


Topology (from Greek topos [place/location] and logos [discourse/reason/logic]) can be viewed 
as the study of continuous functions, also known as maps. Let X and Y be sets, and f: X > Y 
a function from X to Y. In order to make sense of the assertion that f is a continuous function, 
we need to specify some extra data. After all, continuity roughly asserts that if x and y are 
elements of X that are “close together” or “nearby”, then the function values f(x) and f(y) 
are elements of Y that are also close together. Hence we need to give some sense to a notion of 
closeness for elements in X, and similarly for elements in Y. 

In many cases this can be done by specifying a real number d(x, y) for each pair of elements 
x,y € X, called the distance between x and y, and saying at x and y are close together if 
d(x, y) is sufficiently small. This leads to the notion of a metric space (X,d), when the distance 
function (or metric) d satisfies some reasonable properties. 

The only information available about two elements x and y of a general set X is whether 
they are equal or not. Thus a set X appears as an unorganized collection of its elements, with 
no further structure. When (X,d) is equipped with a metric, however, it acquires a shape or 
form, which is why we call it a space, rather than just a set. Similarly, when (X,d) is a metric 
space we refer to the x € X as points, rather than just as elements. 

However, metric spaces are somewhat special among all shapes that appear in Mathematics, 
and there are cases where one can usefully make sense of a notion of closeness, even if there 
does not exist a metric function that expresses this notion. An example of this is given by the 
notion of pointwise convergence for real functions. Recall that a sequence of functions f,, for 
n=1,2,... converges pointwise to a function g if for each point t in the domain the sequence 
f(t) of real numbers converges to the number g(t). There is no metric d on the set of real 
functions that expresses this notion of convergence. 

To handle this, and many other more general examples, one can use a more general concept 
than that of metric spaces, namely topological spaces. Rather than specifying the distance 
between any two elements x and y of a set X, we shall instead give a meaning to which subsets 
U CX are “open”. Open sets will encode closeness as follows: 


If U is open and « € U, then all y € X that are “sufficiently close” to x also satisfy 
ye U. 


The shape of X is thus defined not by a notion of distance, but by the specification of which 
subsets U of X are open. When this specification satisfies some reasonable conditions, we call 
X together with the collection of all its open subsets a “topological space”. The collection of 
all open subsets will be called the topology on X, and is usually denoted 7. 

As you can see, this approach to the study of shapes involves not just elements and functions, 
like the theory of metric spaces, but also subsets and even collections of subsets. In order to 
argue effectively about topological spaces, it is therefore necessary to have some familiarity 
with the basic notions of set theory. We shall therefore start the course with a summary of the 
fundamental concepts concerning sets and functions. 


Having done this, we can reap some awards. For instance, the definition of what it means for 
a function f: X — Y, from a topological space X to a topological space Y, to be continuous, 
is simply: 


For each open subset V in Y the preimage fu) is open in X. 


This may be compared with the (¢,4)-definition for a function f: X — Y, from a metric space 
(X, d) to another metric space (Y,d), to be continuous: 


For each point x in X and each € > 0 there exists a 6 > 0 such that for each point 
y in X with d(x, y) < 6 we have d(f(x), f(y)) <e. 


It may be worth commenting that the definition of a topological space may seem more 
abstract and difficult to fully comprehend than the subsequent definition on a continuous map. 
The situation is analogous to that in linear algebra, where we say that a function f: V ~ W 
between real vector spaces is linear if it satisfies 


f(Av + py) = Af (x) + uf (y) 


for all vectors x,y € V and all real numbers A and yz (the Greek letters ‘lambda’ and ‘mu’). 

However, to make sense of this, we must first give the abstract definition of a real vector 
space, as a set V of vectors, with a vector sum operation +: V x V > V and a scalar multipli- 
cation -: R x V > V satisfying a list of properties. That list in turn presupposes that the set 
of real numbers R is a field, which also involves the two operations addition and multiplication 
and about nine axioms, expressing associativity, commutativity, existence of neutral elements 
and inverses, for both sum and product, plus the distributive law relating the two operations. 

The moral is that the axiomatization of the most fundamental objects, such as topological 
spaces and real vector spaces, may be so general as to make it difficult to immediately grasp 
their scope. However, it is often the relations between these objects that we are most interested 
in, such as the properties of continuous functions or linear transformations, and these will then 
often appear to be relatively concrete. 

Once we have established the working definitions of topological spaces and continuous func- 
tions, or maps, we shall turn to some of the most useful properties that such topological spaces 
may satisfy, including being connected (not being a disjoint union of open subsets), compact 
(not having too many open subsets globally) or Hausdorff (having enough open subsets locally). 
Then we discuss consequences of these properties, such as general forms of the intermediate value 
theorem, existence of maximal values, or uniqueness of limits, and many more. In the case of 
real functions of one real variable, these are familiar from first-year Calculus, but the general- 
ized results apply to a vastly wider range of shapes, including the plane and higher-dimensional 
Euclidean spaces, infinite-dimensional function spaces, and finite partially ordered sets. 

These lecture notes are intended for the course MAT4500 at the University of Oslo, following 
James R. Munkres’ textbook “Topology”. The §-signs refer to the sections in that book. 


Once the foundations of Topology have been set, as in this course, one may proceed to 
its proper study and its applications. A well-known example of a topological result is the 
classification of surfaces, or more precisely, of connected compact 2-dimensional manifolds. The 
answer is that two facts about a surface suffice to determine it up to topological equivalence, 
namely, whether the surface “can be oriented”, and “how many handles it has”. The number 
of handles is also known as the genus. A sphere has genus 0, while a torus has genus 1, and the 
surface of a mug with two handles has genus 2. 

An interesting result about the relation between the global topological type of a surface and 
its local geometry is the Gauss-Bonnet theorem. For a surface F' equipped with a so-called 
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Riemannian metric, this is a formula 


[ Kaa=2n-x 
F 


expressing the integral of the locally defined curvature K of the surface in terms of the globally 
defined genus g, or more precisely in terms of the Euler characteristic x = 2— 2g. (That’s 
the Greek letter ‘chi’.) For example, a sphere of radius r has curvature 1/ r? everywhere, and 
surface area 4rr?. The integral of the curvature over the whole surface is the product of these 
two quantities, i.e., 47. This equals 27 times the Euler characteristic of the sphere, which is 
2. These results will be covered in the course MAT4510 Geometric Structures, followed by 
MAT4520 on Manifolds. 

Let [0,1] C R be the unit interval. One form of the intermediate value theorem tells us 
that any continuous function f: [0,1] — [0,1] has a fixed-point, i.e., an element x € [0,1] such 
that f(a) = x. We will prove this as a consequence of the fact that [0,1] is connected, while 
{0,1} is disconnected. Moving up one dimension, let [0,1]? C R? be the unit square. We 
will also prove that any continuous function g: [0,1]? > [0,1]? has a fixed-point, i.e., a point 
(x,y) € [0,1]? such that g(a, y) = (x,y). This will be a consequence of the fact that the square 
(0, 1]? is simply-connected, but the boundary of this square is not simply-connected. Going 
on to more complicated spaces, the subject of algebraic topology provides tools for analyzing 
the higher-dimensional analogues of connectedness and simple-connectedness. For instance, the 
n-dimensional sphere S”, consisting of the unit vectors in R”*+!, admits a continuous vector 
field of nonzero vectors if and only if n is odd. Thus you “cannot comb a hairy ball flat” in any 
even dimension. This theory is developed in the course MAT4530 Algebraic Topology I. 

When considering surfaces given by algebraic equations among complex numbers, such as 


ety =1 


or 


gies 


(with x,y € C) there is also a subtle relationship between the topological type of the solution 
surface (known as an algebraic curve, since it has real dimension 2 but complex dimension 1) and 
the number of rational solutions to the equation (with x, y € Q). The first equation describes a 
sphere, and has infinitely many rational solutions, while the second equation describes a curve 
of genus 2, and has only finitely many rational solutions. It was conjectured by Mordell, and 
proved by Gerd Faltings in 1983, that any rationally defined algebraic curve of genus greater 
than one has only finitely many rational points. In other words, if the defining equation has 
rational coefficients, and a topological condition is satisfied, then there are only finitely many 
rational solutions. For more on algebraic curves, see the courses in Algebraic Geometry. 
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Chapter 1 


Set Theory and Logic 


1.1 (§1) Fundamental Concepts 


1.1.1 Membership 


In naive set theory, a set (norsk: mengde) is any collection of Mathematical objects, called its 
elements. We often use uppercase letters, like A or B, to denote sets, and lowercase letters, like 
x or y, to denote its elements. 

If A is a set, and = is one of its elements, we write x € A and say that “a is an element 
of A”. Otherwise, if x is not an element of A, we write x ¢ A. The symbol “Ee” thus denotes 
membership in a collection. 

We can specify sets by listing its elements, as in the set of decimal digits: 


D = {0,1,2,3,4,5,6,7,8, 9}, 
or by selecting the elements of some previously given set that satisfy some well-defined condition: 
P={neéEN|nisa prime}, 
read as “the set of n € N such that n is a prime”. Here 
N = {1,2,3,...} 


is the set of natural numbers (= positive integers). In this case 691 € P, while 693 ¢ P, since 
691 is a prime, while 693 = 3-3-7-11 is not a prime. When the condition begins with a symbol 
similar to ‘|’, we may use a colon instead, as in: 


B(z,e) ={y eR: |y—a2| <e}. 
We may also specify the list of elements by means of an expression, as in the set 
S={n?|neN} 


of squares. We shall sometimes use informal notations, like P = {2,3,5,...} and S = {1,4,9,...}, 
when it should be clear from the context what we really mean. 

Note that for any object x, the singleton set {x} is different from zx itself, so x € {x} but 
x # {x}. Be careful with the braces! 

The empty set @ = {} has no elements, so x ¢ © for all objects x. If a set A has one or 
more elements, so that x € A for some object x, then we say that A is nonempty. 


1.1.2 Inclusion and equality 


Let A and B be sets. We say that A is a subset of B, and write A C B, if each element of 
A is also an element of B. In logical terms, the condition is that x € A only if x € B, so 
(x € A) = > (x € B). We might also say that A is contained in B. For example, {1} C {1,2}. 

Less commonly, we might say that A is a superset of B, or that A contains B, and write 
A > B, if each element of B is also an element of A. In logical terms, the condition is that 
x € Aif x € B, so (x € A) <— (ax € B). This is of course equivalent to B C A. For example, 
{1,25 S42}. 

We say that A is equal to B, written A = B, if AC Band BCA. This means that x € A 
if and only if « € B, so (x € A) — > (a € B). For example, {1,2} = {1,1, 2}, since the notion 
of a set only captures whether an element is an element of a set, not how often it is listed. 

If A is not a subset of B we might write A ¢ B, and if A is not equal to B we write A # B. 
If AC B but A¥ B, so that A is a proper subset of B, we write A C B. 

(In other texts you may find the alternate notations A C B and A C B for A Cc B and 
A CG B, respectively.) 


1.1.3. Intersection and union 


Let A and B be sets. The intersection AM B is the set of objects that are elements in A and 
in B: 
AN B={x|zx¢eAand zs € B}. 
Clearly AN BC Aand ANBC B. We say that A meets B if AN B # @ is nonempty, so that 
there exists an x with x € AN B, or equivalently, with x € A and x € B. 
The union AU B is the set of objects that are elements in A or in B: 


AUB={x|zxeAorze B}. 


Note that “or” in the mathematical sense does not exclude the possibility that both « € A and 
xé€B. Hence ACAUBand BC AUB. 

In addition to the commutative and associative laws, these operations satisfy the following 
two distributive laws, for all sets A, B and C: 


AN(BUC)=(ANB)U(ANC) 
AU(BNC)=(AUB)N(AUC) 


1.1.4 Difference and complement 


Let A and B be sets. The difference A — B is the set of objects of A that are not elements in 
B: 

A-B={reA|lx¢ B}. 
Note that A— BC A, (A- B)NB=@ and (A—- B)UB=AUB. 

We shall also call A— B the complement of B in A. (Some texts denote the difference set 
by A \ B, or introduce a notation like CB for the complement of B in A, if B C A and the 
containing set A is implicitly understood.) 

The complement of a union is the intersection of the complements, and the complement of 
an intersection is the union of the complements. These rules are known as De Morgan’s laws: 


A-(BUC)=(A-B)n(A-C) 
A-(BNC) =(A-B)u(A-C) 


1.1.5 Collections of sets, the power set 


A set is again a mathematical object, and may therefore be viewed as an element of another 
set. When considering a set whose elements are sets, we shall usually refer to it as a collection 
of sets (norsk: samling), and denote it with a script letter like < or Z. (Sometimes sets of sets 
are called families.) 

For example, each student at the university may be viewed as a mathematical object. We 
may consider the set of all students: 


S = {s|s is astudent at UiO}. 


Similarly, each course offered at the university may be viewed as another mathematical object. 
There is a set of courses 
C = {c|c is a course at UiO}. 


For each course c € C, we may consider the set E. of students enrolled in that course: 
E. = {s € S| s is enrolled in c}. 
Now we may consider the collection & of these sets of enrolled students: 
€={E,|ceC}. 


This & is a set of sets. Its elements are the sets of the form E,, for some course c € C. These 
sets in turn have elements, which are students at the university. 

It may happen that no students are enrolled for a specific course c. In that case, E, = ©. 
If this is the case for two different courses, c and d, then both E, = @ and Eg = @. Hence it 
may happen that EF, = Eq in &, even ifc~¢dinC. 

For a given set A, the collection of all subsets B C A is called the power set of A, and is 
denoted Y(A): 

P(A)={B| Bc A}. 


For example, the power set Y({a,b}) = {2, {a}, {b}, {a, b}} of the two-element set {a,b} has 
four elements. 


1.1.6 Arbitrary intersections and unions 


Given a collection & of sets, the intersection of the elements of & is 


() A = {x | for every A € & we have x € A} 
ACEH 


and the union of the elements of & is 


U A = {a | there exists an A € & such that x € A}. 
ACEH 


When & = {A,B}, these are the same as the previously defined sets AN B and AU B, 
respectively. When </ = {A} is a singleton set, both are equal to A. 

When = © is empty, the intersection (),4-,, A could be interpreted as the “set of all 
x”, but this leads to set-theoretic difficulties. We shall therefore only use that notation in the 
context of subsets A of a fixed “universal set” X, in which case (.\4-, A = X. There is no 
difficulty with the empty union: U,cg A = ©. 


Returning to the example of students and courses, the intersection 


A=()E 


Eeeé& 


is the set of those students that are enrolled to every single course at the university, which most 
likely is empty. The union 
B= U E. 


Eeeé& 


is the subset of S consisting of those students that are enrolled to one or more courses. They 
might be referred to as the active students. The complement, S — B, is the set of students that 
are not enrolled to any courses. They might be referred to as the inactive students. 


1.1.7 Cartesian products 


Given two sets A and B, the cartesian product A x B consists of the ordered pairs of elements 
(x,y) with a € A and yé€ B: 


Ax B={(a,y)|e¢eAand ye B}. 


The notion of an ordered pair (x,y) is different from that of the set {x,y}. For example, 
(x,y) = (2’,y’) if and only if « = a’ and y = y’. (If desired, one can define ordered pairs in 
terms of sets by letting (x,y) = {{x}, {x, y}}.) 

The cartesian product of two copies of the real numbers, R? = R x R, is the set consisting 
of pairs (x,y) of real numbers. Thinking of these two numbers as the (horizontal and verti- 
cal) coordinates of a point in the plane, one is led to René Descartes’ formulation of analytic 
geometry, as opposed to Euclid’s synthetic approach to geometry. 


1.2 (§2) Functions 


1.2.1. Domain, range and graph 


A function f from a set A to a set B is a rule that to each element x € A associates a unique 
element f(z) € B. We call A the domain (or source) of f, and B the range (or codomain, or 
target) of f. We use notations like f: A — B or 


ASB 


to indicate that f is a function with domain A and range B. Note that the sets A and B are 
part of the data in the definition of the function f, even though we usually emphasize the rule 
taking x to f(x). To show both aspects of the function, we might write 


f:A—-B 
xr f(x). 


Sometimes that rule is defined by some explicit procedure or algorithm for computing f(x) 
from x, such as in 


3x+1 if x is odd 
f(@) = Spies 
x/2 if x is even 


for natural numbers x, but we make no such assumption in general. 


In set theoretic terms, we can define a function f: A > B to be the subset of A x B given 
by its graph, i.e., the subset 


re={@,f@))eAxXB lee A}. 


(Here [ is the upper-case Greek letter ‘Gamma’.) The subsets [ c A x B that arise in this way 
are characterized by the property that for each x € A there exists one and only one y € B such 
that (a, y) €T. 

Hence we can define a function f to be a triple of sets (A, B,T), with Tc Ax B having the 
property that for each element x € A there exists a unique y € B with (x,y) €T. In this case 
we let f(x) = y and call y the value of f at the argument x. We call A the domain and B the 
range of f. 


1.2.2 Image, restriction, corestriction 


Let f: A— B be a function. The image of f is the subset 


f(A) ={fl@) € Bl ae A} 


of the range B, whose elements are all the values of f. The image may, or may not, be equal 
to the range. (Other texts may refer to the image of f as its range, in which case they usually 
have no name for the range/codomain/target.) 

If S c A is a subset of the domain, we define the restriction of f to S to be the function 
f\|S: S > B given by (f|S)(x) = f(x) for all « € S. In terms of graphs, f|S corresponds to the 
subset 

ren (S' x B) 


of S x B, where ly C A x B is the graph of f. 

If T Cc B is a subset of the range with the property that f(A) C T, then there is also a 
well-defined function g: A + T given by g(x) = f(x) for all « € T. In terms of graphs, g 
corresponds to the subset 

ren (A x T) 


of A x T. There does not seem to be a standard notation for this “corestriction” of f. Note 
that this construction only makes sense when the new range 7’ contains the image of f. 


1.2.3 Injective, surjective, bijective 


Let f: A > B. We say that f is injective (or one-to-one) if f(x) = f(y) only if x = y, for 
x,y € A. We say that f is surjective (or onto) if for each y € B there exists a x € A with 
f(x) =y. Note that f is surjective if and only if its image equals its range, f(A) = B. 

We say that f is bijective (or a one-to-one correspondence) if it is both injective and sur- 
jective, so that for each y € B there exists one and only one x € A with f(x) = y. A bijective 
function is also called a bijection. 

When f: A — B is bijective, we can define a new function f~': B > A, with the domain 
and range interchanged, by the rule that takes y € B to the unique x € A such that f(x) = y. 
Hence f~!(y) = x precisely when y = f(x). We call f~! the inverse function of f. 

Note that the graph of f~! is obtained from the graph of f by interchanging the two factors 
in the cartesian product A x B. It is the subset 


Dp-1 ={(y,c)€BxA| (x,y) els} 


of Bx A. 


The inverse function is not defined when f is not bijective. If the restriction f|S of f toa 
subset S C A is injective, and we let T = f(S) be the image of the restricted function, then 
the resulting function g: S — T is bijective, and has an inverse function g-': T — S. (Various 
abuses of notations are common here.) 


1.2.4 Composition 


Let f: A> B and g: B > C be functions, such that the range of f equals the domain of g. 
The composite function go f: A — C is then defined by the rule 


(9° f)(x) = g(f(x)) 
for all 2 € A. We often abbreviate go f to gf. The graph Ty of gf is the subset 
{(z,z) € Ax C'| there exists a y € B with (x,y) € T'y and (y, z) € Tg} 


of Ax C. 

When f: A — B is bijective, with inverse function f~': B > A, the composite f~!of: A> 
A is defined and equals the identity function id4: A > A taking « € A toa e€ A. Furthermore, 
the composite f o f~!: B > B is defined, and equals the identity function idg: B > B taking 
yEBtoye B. 

Composition of functions is unital and associative, so that f oid, = f = idgo f and 
(hog)o f =ho(go f) (for h: C — D), but hardly ever commutative. Even if A = B = C, so 
that both go f and f og are defined and have the same domains and ranges, it is usually not 
the case that g(f(x)) = f(g(x)) for all  € A, so usually go f # fog. One exception is the 
case when f = g. 

The composite go f: A — C of two bijections f: A > B and g: B > C is again bijective, 
with inverse (go f)~! = fotogtt. 

Let f: A> Band SC A. Define the inclusion function i: S + A by the rule i(x) = x for 
all x € S. This is not the identity function, unless S = A. The composite foi: S > B equals 
the restriction f|S: S — B, since these functions have the same sources and ranges, and both 
map x € S to f(x) € B. 

Let T C B and assume that f(A) Cc T. Let 7: T — B be the inclusion function given by 
the rule j(y) = y for all y € T. Then the corestriction g: A > T of f is characterized by the 
property that jog = f. 


1.2.5 Images of subsets 


Let f: A> B be a function. For each subset S C A we let the image f(S) C B of S under f 
be the set of values 


f(S) ={f(a) € Bl we S} 


of f, as the argument x ranges over S. When S = A, this agrees with the image of f. 
The rule taking S to f(S) defines a function 


f: P(A) > A(B) 
Sr f(S). 


Using the same symbol for this function A(A) + A(B) and the original function f: A B 
is an abuse of notation. Since the two functions are defined on disjoint sets, namely for x € A 
and S € Y(A), respectively, one can usually avoid confusion by inspecting the argument of f, 
but some care is certainly appropriate. 


The image function f respects inclusions and unions: If S$ Cc Tc A, then 


f(S) C F(T). 
Similarly, if S,7 CA, meaning that S Cc A and T Cc A, then 


f(SUT) = f(S)UFTZ). 
For intersections, we only have the inclusion 
F(SOT) C F(S)N F(T) 


in general. The inclusions SNT Cc S and SNT Cc T imply inclusions f(S NT) Cc f(S) and 
f(S OT) Cc f(T), and these imply the displayed inclusion. If f is injective, we have equality, 
but in general this can be a proper inclusion. 

For complements, we have the inclusion 


FP) > f5) € FES) 
for S,T C A, with equality if f is injective, but no equality in general. 


1.2.6 Preimages of subsets 


Let f: 4 > B as before. For each subset T C B we let the preimage f—!(T) C A of T under f 
be the set of arguments 
f(T) ={@ € Al f(x) ¢ T} 

for which f takes values in T. When T = B this is all of A. (The preimage is also called the 
inverse image.) 

The rule taking T to f~1(T) defines a function 

fol: P(B) — YA) 
re ie UE 

Note that we use this notation also in the cases where f is not bijective, i.e., even if the inverse 
function f—': B — A is not defined. So the use of the notation f~!(T) for the preimage of T 
under f does not imply that f is invertible. 

In the special case when f: A —> B is bijective, so that the inverse function f~!: B > A is 
defined, we have the equality of sets 


{xe Al f(x) eT} ={f"y) eAlyeT} 


so that the preimage f~!(T) of T under f is equal to the image f~!(T) of T under f~+. Hence 
the potential conflict of notations does not lead to any difficulty. 

The preimage function f~! respects inclusions, unions, intersections and complements: If 
SCT CB, then 


fUS)er -@): 
If S,T C B, then 


and 
f(S—T) = f-"(8)- fA). 
The image and preimage constructions satisfy the relations 
Scfi(F(S)) and f(f(2)) cT 
for f: A> B,SCAandT cB. 


1.3 (§5) Cartesian Products 


1.3.1 Indexed families 


Let & be a collection of sets. An indexing function for & is a surjective function f: J > & 
from some set J to &. We call J the index set, and we call the collection # together with the 
indexing function f an indexed family of sets. 
If 
A = {Aj, Ao,..., An} = {Ai}, 
is a finite collection, with n > 0, we may let J = {1,2,...,n} and let f(i) = A; for 1 <i<n. 
If 
@ = {A}, Ag,...} = {Ai}ei 


is a countably infinite sequence of sets, we may let J = N and let f(i) = A; fori € N. In 
general, we often use the notation A, = f(a), so that f is the rule taking a to Ag, and the 
indexed family is denoted 


{Anh wed 4 


The surjectivity of f ensures that each set A € & occurs as Ag = f(a) for some a € J. We 
do not require that f is injective, so we may have Aq = Ag even if a 4 @ in J. 


1.3.2 General intersections and unions 


We use the following alternate notations for general intersections and unions of sets. Let & be 
a collection of sets, with indexing function f: J > & as above. 
If & is nonempty (so J is nonempty, too), we define 


()4Ac= {) A 


acd ACEH 


to be the set of x such that « € A, for all a € J, which is the same as the set of x such that 
x€ Aforall Ac &. 


In general, we define 


LU 40= UJ A 


acd AEH 


to be the set of x such that « € Ay for some a € J, or equivalently, such that x € A for some 
AED. 
If # = {A}, Ao,..., An} with n > 1 we also write 


() 4: = 419. 429-+- 9 An 


i=l 
for the intersection of the sets in <, and 
n 
[J Ai = 41 U 42U-+-U An 
i=l 


for the union, and similarly in the countably infinite case. 


1.3.3 Finite cartesian products 


Let n > 0. Given a set X, an n-tuple of elements in X is a function 
x: {1,2,...,n} 3X. 


Writing x; = x(i) for its value at 1 < i < n, the function is determined by its list of values, 
which is the ordered n-tuple 
(vi) = (41, 22,...,2n)- 


A family of sets o& = {Aj, Ao,..., An} indexed by the set J = {1,2,...,n} is equivalent to 
an ordered n-tuple of sets (A;, Ag,..., An). Let 


X = Ay UA. U-:-UA, 
be the union of the n sets. We define the cartesian product of this indexed family, denoted 
[[ 4: = 41 « 42 «+++ x An, 
i=1 


to be the set of all n-tuples (#1, v2,...,%,) in X where x; € A; for each 1 <i <n. 
If all of the sets A; are equal, so that each A; = X, we write 


X"™=XxXx-- KX 


(n copies of X) for the n-fold cartesian product of X. It is the set of all n-tuples in X. 


1.3.4 Countable cartesian products 
We use similar notation for sequences in X, which are functions 
riNoX 
or ordered sequences 
(wa)721 = (41,2 2,...). 


(These are also called w-tuples, where w is the Greek letter ‘omega’. Here w denotes the smallest 
infinite ordinal, corresponding to the well-ordered set underlying N.) Given a sequence of sets 
BD = (A;)%, = (Al, Ao,...) we let X = U72, Ai be the union, and define the cartesian product 


lever 


i=1 


to be the set of all sequences (x1, %2,...) in X such that x; € A; for each i € N. 
When all A; = X, we write 
[oe) 
xv = [x 
i=1 


for the countably infinite product of copies of X. It is the set of sequences in X. 


1.3.5 General cartesian products 


Let J be any indexing set. Given a set X, a J-tuple of elements in X is a function 
ci: J>X. 


Writing vq = x(a) for its value at a € J, the a-th coordinate of x, we can also denote the 
J-tuple x by its values (ta)aeJ- 
Let {Aa}aes be an indexed family of sets, with union X = U,¢7 Aa. Its cartesian product, 


denoted 
nee 


acd 


is the set of all J-tuples (to)aez of elements in X such that vq € Ag for all a € J. In other 
words, it is the set of functions 
zr: J—-> U Aa 
acd 


such that «(a) € Ag for alla € J. 
When all Ag = X, we write 


xXJ=|[x 


aed 
for the J-fold product of copies of X. It is the set of functions x: J > X. 


1.4 (§6) Finite Sets 


1.4.1 Cardinality 


For each nonnegative integer n, the set 
{1,2,...,n} 


of natural numbers less than or equal to n is called a section of the natural numbers N. For 
n = 0 this is the empty set ©, for n = 1 it is the singleton set {1}. 


Lemma 1.4.1. If there exists an injective function 
f: {1,2,...,m}— {1,2,...,n} 
then m <n. 


Proof. We prove this by induction on n > 0. For n = 0 this is clear, since there only exists a 
function {1,2,...,m}— @ ifm =0. For the inductive step, let n > 1 and suppose that the 
lemma holds for n — 1. Let f: {1,2,...,m}— {1,2,...,n} be injective. Let f(m) =k. Then 
f restricts to an injective function g: {1,2,...,m—1}— {1,2,...,n}—{k}. Define a bijection 
h: {1,2,...,n}—{k} > {1,2,...,n-—1} by h(@) =a for 2 #n, and h(n) =k. (If k =n we let 
h be the identity.) The composite hog: {1,2,...,m—1}-— {1,2,...,n— 1} is injective, so by 
the inductive hypothesis we know that m—1< n—1. It follows that m < n, as desired. 


Corollary 1.4.2. There does not exist an injective function f: {1,2,...,m}— {1,2,...,n} if 
m>n. 


Proposition 1.4.3. If there exists a bijection f: {1,2,...,m}— {1,2,...,n} thenm=n. 
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Proof. Both f and its inverse f~! are injective, so by the previous lemma we have m < n and 
n<m. Thus m=n. 


Corollary 1.4.4. There does not exist a bijective function f: {1,2,...,m}— {1,2,...,n} if 
meéEnN. 


Definition 1.4.5. A set A is finite if there exists a bijective function f: A > {1,2,...,n} for 
some n > 0. In this case, we say that A has cardinality n. 


For example, the empty set is finite with cardinality 0, and each singleton set is finite with 
cardinality 1. 


Lemma 1.4.6. The cardinality of a finite set A is well-defined. That is, if there exists bijections 
f: A— {1,2,...,n} and g: A— {1,2,...,m} for some m,n > 0, thenm=n. 


Proof. The composite 
fog AL Hac SIO 


is a bijection, with inverse go f~!, som = n by the proposition above. 


1.4.2 Subsets 


Lemma 1.4.7. Let AC {1,2,...,n} be a subset. There exists a bijection f: A— {1,2,...,m} 
for somem<n. Hence A is a finite set, of cardinality <n. 


Proof. We prove this by induction on n > 0. For n = 0 it is clear, since the only subset of 
@ is @. For the inductive step, let n > 1 and suppose that the lemma holds for n — 1. Let 
AC {1,2,...,n} be a subset. If n ¢ A, then A Cc {1,2,...,n — 1}, so there exists a bijection 
f: A— {1,2,...,m} for some m < n—1 by the inductive hypothesis. Hence m < n. Otherwise, 
we haven € A. Let B= A-—{n}. Then B c {1,2,...,n—1}, and by the inductive hypothesis 
there exists a bijection g: B — {1,2,...,k} for some k < n—1. Let m= k+1,s0m <n. Define 
the bijection f: A — {1,2,...,m} by f(x) = g(x) if x € B and f(n) =m. This completes the 
inductive step. 


Proposition 1.4.8. Let A ¢ {1,2,...,n} be a proper subset. Then the cardinality of A is 
strictly less than n, so there does not exist a bijection f: A — {1,2,...,n}. 


Proof. Since A is a proper subset, we can choose a & € {1,2,...,n} with k ¢ A. Define a 
bijection h: {1,2,...,n} > {1,2,...,n} by h(k) =n, h(n) =k and h(x) = x for the remaining 
xz. Let B = h(A), so that h|A: A > B is a bijection. Then B Cc {1,2,...,n — 1}, so by 
the lemma above there is a bijection g: B + {1,2,...,m} with m < n—1. The composite 
go(h|A): A> {1,2,...,m} is then a bijection. Hence the cardinality of A ism <n—-1 <n. 


Theorem 1.4.9. Jf A is a finite set, then there is no bijection of A with a proper subset of 
itself. 


Proof. Suppose that B ¢ A is a proper subset, and that there exists a bijection f: A > B. 
Since A is finite there is a bijection g: A > {1,2,...n} for some n > 0, where n is the cardinality 
of A. Let C = g(B) C {1,2,...,n}. Then g|B: B > C is a bijection, and C is a proper subset 
of {1,2,...,n}. Hence there is a bijection h: C > {1,2,...,m} for some m <n. If there exists 
a bijection f: A > B, then the composite bijection ho (g|B)o f: A > {1,2,...,m} would say 
that the cardinality of A is m, and not equal to n. This contradicts the fact that the cardinality 
is well-defined, hence no such bijection f exists. 


Corollary 1.4.10. The set N of natural numbers is not finite. 
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Proof. The function f: N > N— {1} defined by f(x) = x +1 is a bijection of N with a proper 
subset of itself. 


Corollary 1.4.11. Any subset B of a finite set A is finite. If B is a proper subset of A, then 
its cardinality is strictly less than the cardinality of A. 


1.4.3 Injections and surjections 


Proposition 1.4.12. Let A be a set. The following are equivalent: 

(1) A is finite. 

(2) There exists a surjective function {1,2,...,n}— A for some integer n > 0. 

(3) There exists an injective function A > {1,2,...,n} for some integer n > 0. 

Proof. (1) = > (2): Since A is finite there exists a bijection f: A > {1,2,...,n} for some 
integer n > 0. Then f~! is surjective, as required. 


(2) => (3): Let g: {1,2,...,n} — A be surjective. Define a function h: A > {1,2,...,n} 
by letting h(a) be the smallest element of the subset 


g (2) = {i | 94) = 2}. 


of {1,2,...,n}. This subset is nonempty since g is surjective. Then h is injective, since if « 4 y 
then g~!(x) and g~!(y) are disjoint, so their smallest elements must be different. 

(3) => (1): If f: A > {1,2,...,n} is injective, let B = f(A) c {1,2,...,n}. The 
corestriction of f is then a bijection g: A > B. By a previous lemma there is a bijective function 
h: B— {1,2,...,m} for some m < n. The composite bijection hog: A— {1,2,...,m} shows 
that A is finite. 


Proposition 1.4.13. Finite unions and finite products of finite sets are finite. 


Proof. Let A and B be finite. Choose bijections f: {1,2,...,m}— A and g: {1,2,...,n} > B 
for suitable m,n > 0. We define a surjection 


h: {1,2,...,.m+n}—> AUB 


by 
ie f(x) ht Sere 
ga—m) ifm+1l<x<m+n. 
Here we regard A and B as subsets of AU B. Hence AU B is finite by the proposition above. 
By the case n = 2, the formula 


Ay U+++U An = (A, U++*U Ap_1) U An 


and induction on n it follows that if A,,...,A, are finite then A; U---U A, is finite, for all 
n> 0. 

The cartesian product A x B is the union of the subsets A x {y} for all y € B. Hence if A 
and B are finite this is a finite union of finite sets, so A x B is finite. 

By the case n = 2, the formula 


Ay X +++ & Ay = (Ay xX +++ X An-1) X An 


and induction on n it follows that if A;,...,A, are finite then A; x --- x Ap is finite, for all 
n> 0. 
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Chapter 2 


Topological Spaces and Continuous 
Functions 


2.1 (§12) Topological Spaces 


2.1.1 Open sets 


Definition 2.1.1. Let X be a set. A topology on X is a collection F of subsets of X, such 
that: 


(1) @ and X in J. 

(2) For any subcollection {Ua}acy of Y, the union U,<; Ua is in 7. 

(3) For any finite subcollection {(,...,Un} of 7 the intersection U.N---ANUp isin JF. 
A topological space (X, 7) is a set X with a chosen topology 7. 


The subsets U Cc X with U € & are said to be open. Note that this defines the property of 
being open. With this terminology, the axioms above assert that: 


(1) @ and X are open (as subsets of X). 
(2) The union of any collection of open subsets of X is open. 
(3) The intersection of any finite collection of open subsets of X is open. 


With the convention that @ is the union of the empty collection of subsets of X, and X is 
the intersection of the empty collection of subsets of X, one may agree that (1) follows from 
(2) and (3), but condition (1) is usually included for clarity. We express (2) by saying that 
Z is closed under (arbitrary) unions, and express (3) by saying that 7 is closed under finite 
intersections. 

To check that 7 is closed under finite intersections, it suffices to prove that if Uj, U2 € 7 
then U; NU, € J. This follows by induction on n from the formula 


Uy N-+- Uy = (U1 N+ ++ NU p-1) NU, . 


2.1.2. Discrete and trivial topologies 


Let X be any set. Here are two extreme examples of topologies on X. 
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Definition 2.1.2. The discrete topology on X is the topology ise where all subsets U C X 
are defined to be open. Hence the collection of open subsets equals the power set of X: Yise = 
A(X). It is clear that the axioms of a topology are satisfied, since it is so easy to be open in 
this topology. We call (X, Zaisc) a discrete topological space. 


The terminology can be explained as follows. Note that for each point x € X, the singleton 
set {x} is a subset of X, hence is a open in the discrete topology. Thus all other points y 4 x of 
X are separated away from x by this open set {a}. We therefore think of X with the discrete 
topology as a space of separate, isolated points, with no close interaction between different 
points. In this sense, the space is discrete. 


Definition 2.1.3. The trivial topology on X is the topology Ariy where only the subsets @ and 
X are defined to be open. Hence Ary = {@, X}. It is clear that the axioms of a topology are 
satisfied, since there are so few collections of open subsets. We call (X, Ariy) a trivial topological 
space. (Some texts call this the indiscrete topology.) 


This terminology probably refers to the fact that the trivial topology is the minimal example 
of a topology on X, in the sense that only those subsets of X that axiom (1) demand to be 
open are open, and no others. 


2.1.3 Finite topological spaces 


Definition 2.1.4. If X is a finite set, and 7 is a topology on X, we call (X,7) a finite 
topological space. 


When X is finite, the power set A(X) and any topology F C A(X) is finite, so the 
distinction between finite and arbitrary unions plays no role. Hence to check conditions (2) 
and (3) for a topology, it suffices to check that if U,,U2 € F then U;UU2 € FZ and U,NU2 € J. 

In the case when X is empty, or a singleton set, the discrete topology on X is equal to the 
trivial topology on X, and these are the only possible topologies on X. 


Example 2.1.5. Let X = {a,b} be a 2-element set. There are four different possible topologies 
on X: 


1) The minimal possibility is the trivial topology Aruy = {9, X}. 


( 

(2) An intermediate possibility is % = {9, {a}, X}. 

(3) Another intermediate possibility is % = {, {b}, X}. 
( 


) 
) 
) 
4) The maximal possibility is the discrete topology Ajise = {2, {a}, {db}, X}. 


We already explained why cases (1) and (4) are topologies. Examples (2) and (3) are known 
as Sierpinski spaces. To see that -% is a topology on {a, b}, note that {b} does not occur as the 
union or the intersection of any collection of sets in %. Interchanging the role of a and b we 
also see that % is a topology. 


In the Sierpinski space (X = {a,b}, .%), the element a is separated away from the other 
point by the open set {a}, while the element b not separated away from the other point by any 
open set. For the only open set containing 6 is {a,b}, which also contains a. This means that 
a is “arbitrarily close” to b, even if b is not arbitrarily close to a. This kind of asymmetry of 
“closeness” in topological spaces is not seen in metric spaces. 

In these examples each collection of subsets containing the trivial topology defined a topol- 
ogy. When X has cardinality 3 this is no longer true. 
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Example 2.1.6. Let X = {a,b,c}. There are 29 different topologies on X. Here are nine of 
them: 


The trivial topology A = Fry = {S, X}. 

Fy = {B, {a}, X}. 

Ty = {B, {a,b}, X}. 

Ty = {, {a}, {a,b}, X}. 

Fs = {, {a,b}, {c}, X}. 

% = {, {a}, {b}, {a, b}, X}. 

Fz = {G, {a}, {a, b}, {a, c}, X}. 

Fz = {© {a}, {c}, {a, bf, {a,c}, X}. 

9) The discrete topology % = Taisc = P(X) (with 8 elements). 


The reader should check that each of these is closed under unions and intersections. The 
remaining topologies on X arise by permuting the elements a, b and c. 


Example 2.1.7. Let X = {a,b,c}. Here are some collections of subsets of X that are not 
topologies: 


(1) {{a}, {c}, {a, b}, {a, c}} does not contain @ and X. 
(2) {@, {a}, {b}, X} is not closed under unions. 


(3) {2, {a, b}, {a,c}, X} is not closed under intersections. 


2.1.4 The cofinite topology 


Definition 2.1.8. Let X be a set. Let the cofinite topology Zor be the collection of subsets 
U Cc X whose complement X — U is finite, together with the empty set U = ©. 


The word “cofinite” refers to the fact that complements of finite sets are open, since if 
F CX is finite, then U = X — F has complement X — U = X — (X — F) = F, which is finite. 
Calling A op a “topology” requires justification: 


Lemma 2.1.9. The collection Xoe is a topology on X. 


Proof. We check the three conditions for a topology. 

(1): The subset @ is in Xo by definition. The subset X is in Zp since its complement 
X — X = @ is finite. 

(2): Let {Uahaeys be a subcollection of Ao, so for each a € J we have that X — Us, is finite, 
or Uy = @. Let V =Uge7Ua- We must prove that X — V is finite, or that V = @. 

If each U, is empty, then V is empty. Otherwise, there is a 8 € J such that X — Ug is finite. 
Since Ug C V, the complements satisfy X —V C X — Ug. Hence X — V is a subset of a finite 
set, and is therefore finite, as desired. 

(3): Let {U1,...,Un} be a finite subcollection of Hor, so for each 1 < i < n we have that 
X — U; is finite, or Uj; = @. Let W =U, N---NU,. We must prove that X — W is finite, or 
W=89. 
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If some U; is empty, then W C U; is empty. Otherwise, X — U; is finite for each 1 <i <n. 
By De Morgan’s law, 


Raw ex (rane Ue UK 


The right hand side is a finite union of finite sets, hence is again finite. Thus X — W is finite, 
as desired. 


When X is a finite set, the condition that X — U is finite is always satisfied, so in this case 
the cofinite topology equals the discrete topology: Kor = Hiise- 
2.1.5 Coarser and finer topologies 


Definition 2.1.10. Let 7 and 7’ be two topologies on the same set X. We say that 7 is 
coarser than 7’, or equivalently that 7’ is finer than 7, if 7 C F'. This means that each 
subset U C X that is open in (X, 7) is also open in (X, 7’). 


Lemma 2.1.11. The trivial topology is coarser than any other topology, and the discrete topol- 
ogy ts finer than any other topology. 


Proof. For any topology Y on X we have 


Fey = {aX} Gwe P(X) = Tiigen. 


The set of topologies on X becomes partially ordered by the “coarser than”-relation. Note 
that two topologies need not be comparable under this relation. For example, neither one of 
the two Sierpinski topologies .% and % on {a,b} is coarser (or finer) than the other. 

When X is an infinite set, the cofinite topology is strictly coarser than the discrete topology: 
Jor & Zaisce. For example, in this case each finite, nonempty subset F C X is open in the 
discrete topology, but not open in the cofinite topology. To see this, note that for F' to be open 
in Aop its complement X — F’ would have to be finite. Then X = F' U(X — F) would be the 
union of two finite sets, and therefore would be finite. This contradicts the assumption that X 
is infinite. Such finite, nonempty subsets F' C X exist. For example, each singleton set F = {x} 
for x € X will do. Hence Zop 4 Aise for infinite X. 


Example 2.1.12. Let X =N be the set of natural numbers. The discrete topology ise on 
N is strictly finer than the cofinite topology A ¢ on N, which is strictly finer than the trivial 
topology Ary on N. 


Remark 2.1.13. Given two topological spaces X and Y, a function f: X — Y will be said to 
be continuous if: 


for each open V C Y the preimage f~!(V) is open in X. 


Suppose given two topologies Y and 7’ on X, with FJ C JF’, so that J’ is finer than J, 
and 7 is coarser than 7’. To an analyst considering real-valued functions 


f:X —R 


(where R has a fixed, metric, topology ), it is harder for f to be continuous with respect to 7 
than with respect to 7’. The analyst would therefore say that 7 is the stronger topology, and 
Z' is the weaker topology. 
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On the other hand, to a topologist considering paths 
g: [0,1] — Xx 


(where [0,1] C R has a fixed topology), it is easier for g to be continuous with respect to 7 
than with respect to 7’. The topologist would therefore say that 7 is the weaker topology, 
and 7’ is the stronger topology. 

These (conflicting) terminologies presume that the condition to be continuous is some sort 
of obstacle or barrier to be overcome, and that the stronger the barrier is, the harder it is to 
satisfy the condition. 

2.1.6 Metric spaces 

Definition 2.1.14. A metric on a set X is a function d: X x X — R such that: 
(1) d(x, y) > 0 for all x,y € X, and d(x, y) = 0 if and only if « = y. 

(2) d(x,y) = d(y, x) for all z,y € X. 

(3) d(x, z) < d(x, y) + d(y, z) for all x,y,z € X (the triangle inequality). 


A metric space (X,d) is a set X with a chosen metric d. 


Example 2.1.15. The real line X = R is a metric space, with distance function d(x, y) = |y—a|. 
More generally, X = R” is a metric space with the Euclidean distance 


d(x, y) = \ly — al] = Vy — 21)? +++ + Yn — Bn)? 


for © = (41,...,2%,) and y = (y1,.-.,Yn). We call R” with this metric Euclidean n-space. 


Definition 2.1.16. Let (X,d) be a metric space. For each point x € X and each positive real 
number e€ > 0, let 
Ba(z,e) = {y € X | d(x,y) < e} 


be the e-ball around a in (X,d). 


Definition 2.1.17. Let (X,d) be a metric space. The metric topology Zon X is the collection 
of subsets U C X satisfying the property: for each x € U there exists an € > O such that 
Ba(a,€) CU. 


Lemma 2.1.18. The collection Y is a topology on X. 


Proof. We check the three conditions for a topology. 

(1): The subset @ is in .% since there are no x € @ for which anything needs to be checked. 
The subset X is in 7 since for each x € U we can take « = 1, since Bg(x,1) C X. 

(2): Let {Uataeys be a subcollection of .%. Let V = Ugez Ua and consider any « € V. By 
the definition of the union there exists an a € J with x € Ug. By the property satisfied by 
the U, in %, there exists an « > 0 such that Bg(ax,¢) C Ug. Since Ua. C V it follows that 
Ba(z,¢e) C V. Hence V € J. 

(3): Let {U1,...,Un} be a finite subcollection of Z%. Let W = U,N---MU, and consider 
any x € W. For each 1 <i <n we have W C U; so x € Uj. By the defining property of .% 
there exists an ¢; > 0 such that By(x,«;) C U;. Let € = min{e1,...,¢,}. This makes sense since 
n is finite, and « > 0. Then By(x,€) C Ba(x,e;) C U; for each 1 < i < n, which implies that 
Ba(z,e) C W. Hence W € %. 
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Definition 2.1.19. Let (X,d) be a metric space and let A C X be any subset. Let da: Ax A > 
R be the restriction of d to Ax AC X x X. Then dy is a metric on A, so (A, da) is a metric 
space. We call (A,d,4) a metric subspace of (X, d). 


Example 2.1.20. Let the n-sphere 
S” = {x € R™*?: |x|] = 1} 


be the unit sphere in Euclidean (n + 1)-space. It is a metric subspace, with the restricted 
distance function d, = dgn given by d,(x,y) = ||y — 2|| for z,y € S” C R"*+. When n = 1 we 
call S' C R? the unit circle. By definition, S° = {+1,—1} consists of two points, and S~! = @ 
is empty. Note that the restricted Euclidean metric d, is different from the intrinsic metric d; 
given by minimizing curve length within S”. Nonetheless, we these two metrics give the same 
underlying topology on 5S”. In fact, the metrics are related by 


dy(x,y) = 2sin(di (x, y)/2) 


so the collection of e-balls Bg, (x,¢€) C S” for € > 0 is equal to the collection of e-balls Bg,(x,€) C 
S” for € > 0, just with a different parametrization in terms of ¢. Hence the collections of open 
sets are equal: Z%, = Z%,. 


2.2 (§13) Basis for a Topology 


2.2.1 Bases 


Remark 2.2.1. Recall that given two topological spaces Z and X, a function g: Z > X is 
continuous if for each open U C X the preimage g~!(U) is open in Z. Suppose that 


Ue\" eB, 


acd 


can be written as the union of a collection {Ba}aey of open subsets By C X. Then 


g WU) =U a (Ba). 


acd 


If each g~ (Ba) is open in Z, then so is their union, by condition (2) for a topology. Hence 
this will imply that g~!(U) is open. Thus, to verify that g is continuous, it is enough to find a 
subcollection & of the topology Y on X such that: 


(1) Each open subset of X can be written as a union L),- 7 Ba of sets By € B. 


acd 


(2) g~!(B) is open in Z, for each B € &. 


A collection @ C JF satisfying condition (1) will be called a basis for the topology Y on X. 
In this situation, to prove that a given function g: Z — X is continuous it suffices to verify 
condition (2), with B € ¥ replacing U € J. 

It will often be convenient to define a topology 7 by only specifying a basis @ for that 
topology. The open subsets of X will then be precisely the unions of subcollections of 4. In 
this way the basis # determines, or generates, 7. However, different bases Z and # may well 
generate the same topology. (Compare with the role of bases for vector spaces.) 
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We now define what it means for a collection &@ of subsets of X to be a basis. Then we 
define the topology 7 generated by &, and prove that it satisfied the axioms for a topology. 
Thereafter we show that 7 precisely consists of the unions of subcollections of &, i.e., that the 
open sets in the topology 7 are precisely the sets 


U=|J Ba 
aed 
where {Bu }acy ranges through the subcollections of Z&. 
Definition 2.2.2. Let X be aset. A collection FY of subsets of X is a basis (for a topology) if 
(1) For each « € X there exists a B € Z with a € B. 
(2) If By, By € Band x € By, NM By then there exists a Bs € # with x € Bs C BLN By. 
The sets B € Z are called basis elements. They are elements in & and subsets of X. 


Example 2.2.3. Let X = R? be the plane, and let Z be the set of all open circular regions in 
the plane. This is the set of all «balls (or e-disks) 


B(z,€) = {y ER’: |ly—al| <¢} 


with respect to the Euclidean metric d(x, y) = ||y—<|| in the plane. We verify the two conditions 
for a basis: 
(1): For each x € R? the 1-ball B(x, 1) = {y € R?: |ly— 2] < 1} lies in Z and x € B(a, 1). 
(2): For B, = B(x, €,) and By = B(x2,€2) in &, consider any x € B,M By. Then x € R? 
and ||x — || < €; and ||x — 2x|| < e2. Let 


e=minfe — ||x — x1||, €2 — ||z — zal}. 


Then € > 0, and we claim that B3 = B(x,¢«) C Bi, MN Bg. Since x € Bs, this will finish the proof. 
We prove that Bs Cc By, by means of the triangle inequality. A similar proof shows that 
Bs C Bo, so that Bz C By M Bo. Consider any y € Bs, with 


lly—2||<e<e—|le— ai]. 


Then 


lly — zal] < ly — al] + lle — 21l] <1 — [le — 2a]| + [le — zal] = 41 


(using the triangle inequality for y, x and x21). Hence y € By = B(x1,«1). Since y € Bs was 
arbitrarily chosen, we have proved that Bs C B,, as required. 


Example 2.2.4. Let X = R? be the xy-plane, and let ¥’ be the set of all open rectangular 
regions 
(a,b) x (c,d) CRxR 

with a < b and c < d. This is the rectangle bounded by the vertical lines x = a and x = b, and 
the horizontal lines y = c and y = d. We verify the two conditions for a basis: 

(1): For each (2, y) € R?, the open rectangle (2 — 1,2 +1) x (y—1,y +1) lies in @ and 
contains (x, y). 

(2): Consider By = (a1,b1) x (c1,d1), Bo = (aa, be) x (c2, dz) and (x,y) € Bi M Ba, so that 
a<ua<b,a<y<d,ag<a< bande <y < dg. Let a3 = max{aj, a2}, b3 = min{bj, bo}, 
cz = max{cj, ce} and d3 = min{d1, dg}. Then Bs = (az, bg) x (cg, dg) satisfies 


(x, y) € Bzy = By N Bo 


so (a stronger form of) condition (2) is satisfied. 
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Example 2.2.5. Let X be a set, and let 4” be the collection of singleton sets {x} for « € X. 
It is a basis for the discrete topology Ais. on X. 


Definition 2.2.6. Let & be a basis for a topology on X. The topology Y generated by Z is 
the collection of subsets U C X such that 


for each x € U there existsa BE AMwithxe BCU. 


In other words, a subset U C X is defined to be open in this topology if for each x € U there 
exists a basis element B C U with x € B. 


Lemma 2.2.7. The collection F generated by a basis B is a topology on X. 


Proof. We check the three conditions for a topology. 

(1): The subset U = @ is in 7, since there are no x € U for which a condition must be 
satisfied. The subset U = X is in Y, since for each x € X there exists a B € ZG with x € B, 
by condition (1) for a basis, and then BCU =X. 

(2): Let {Ua}aeys be a subcollection of .7. Let V =U, Ua be its union. We must show 
that V € Z. Consider any x € V. By the definition of the union, there exists an a € J with 
x € Ug. Since U, € F, this means that there exists a basis element B € 4 with « € BC Ug. 
Here Up C V,soxE BCYV. Since this holds for each x € V, it follows that V € 7. 

(3): Let {U;}"_, be a finite subcollection of 7. Let W = U,N---NU, be its intersection. 
We must show that W € %. By induction on n, it suffices to do this in the case n = 2. Hence 
assume that W = U,MU 2. Consider any « € W. Since W C U, we have x € Uj, so there exists 
a basis element By € 4 with x € B, C Uy. Furthermore, since W C U2 we have x € Us, so 
there exists a basis element By € @ with « € By C U2. Hence x € By N Bz C U;NU2 = W. By 
consition (2) for a basis, these exists a basis element B3 € @ with x € Bz C By By. It follows 
that « € Bz; C W. Since x was arbitrarily chosen in W, we have verified that W € 7. 


Proposition 2.2.8. Let B be a basis for a topology F on X, ie., let FZ be the topology 
generated by B. 


(1) Each B € & is open in X. Hence each union of basis elements is also open in X. 
(2) Conversely, each open U C X is a union of basis elements. 


Proof. (1): Let B € @ be any basis element. For each x € B we obviously have x € B and 
BC B. Hence B € JF is open. It follows that any union of basis elements is a union of opens 
sets, hence is open. 

(2): Let U € & be open. For each x € U there exists a B, € @ with x € B, and B, CU. 


Then 
b= UBS 
xeU 
is the union of the collection of basis elements {B, | « € U}. To check the displayed equality, 
note that for each x € U we have x € By, so x € Uzcy Br. Hence U C Uzey Br. On the other 
hand, each By, C U, so Uzey Be CU. 


Example 2.2.9. In any metric space (X,d), the collections of e-balls 
B={Balz,e) | xe X,e>0} 


is a basis. The proof is the same as for R? with the Euclidean metric, writing d(x, y) in place 
of ||y — z||. The topology generated by # is equal to the metric topology, %. Hence a subset 
U Cc X is open if and only if it is a union of e-balls. 
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Example 2.2.10. Let R be the real line. With the usual metric d(z,y) = |y — |, the & 
neighborhoods 
B(ax,€) = (a@-—6,4+4+ 6) 


are open intervals, and each open interval 
(a,b) ={xER|a<a< bd} 


with a < b has this form for « = (a+b)/2, € = (b—a)/2. Let & be the collection of all intervals 
(a,b) C R for a < b. It is a basis for the standard topology on R, that is, the metric topology %. 

In this topology, open intervals are open subsets. Furthermore, the open subsets are precisely 
the unions of (arbitrary collections of) open intervals. By the general theory, finite intersections 
of open subsets are open, and arbitrary unions of opens subsets are open. To see that infinite 
intersections of open subsets need not be open, consider the example 


foe) 


[0,1] = ( )(-1/n,1+1/n). 


j=L 
Here (—1,3), (—1/2,3/2), (—1/3, 4/3),... are open, but their intersection is not. 
Here is a ‘recognition principle’ for when a collection @ is a basis for a given topology 7. 


Lemma 2.2.11. Let (X, 7) be a topological space. Suppose @ C TF is a subcollection such that 
for each open U € JF and point x € U there exists an element CE @ witha EC andC CU. 
Then @ is a basis for the topology 7. 


Proof. We first check that @ is a basis. 

(1): The set X is open in itself, so for each x € X there exists a CE @ with 4 € C. 

(2): Let Ci1,Co € @. Since Ci and C2 are open, so is the intersection C1 1 C2. Hence, for 
each x € Cy MC» there exists a C3 © @ with x € C3 and C3 C Cy NC. 

Next we check that the topology 7’ generated by @ equals 7. 

FCF: UUVE TF andz ew there exists aC € © with x € C and C CU, by hypothesis, 
so U € J&' by definition. 

F' Cc F: UU € F' then U is a union of elements of @ by the proposition above. Each 
element of @ is in 7, hence so is the union U. 


2.2.2. Comparing topologies using bases 


Lemma 2.2.12. Let Z and &' be bases for the topologies FZ and J’ on X, respectively. The 
following are equivalent: 


(1) J7' is finer than 7, 80 7 CTF". 


(2) For each basis element B € @ and each point x € B there is a basis element B’ € BZ’ with 
ce Band B’ cB. 


Proof. (1) => (2): Let Be @andwe B. Since BE FZ and J Cc F' we have BE J’. Since 
7’ is the topology generated by & there exists a B’ € BZ’ with x € B’ and B’ Cc B. 

(2) => (1): Let U € &. For each x € U there exists a BE @ witha € Band BCU, 
since & generates Y. By hypothesis there exists a B’ €¢ 4’ with x € B’ and B’ Cc B. Hence 
B' CU. Since this holds for each x € U, it follows that U € 7’. 


Note that in order to have 7 Cc 7’ it is not necessary to have 4 C #" (each basis element 
B € & does not need to be a basis element in 4’), but for each « € B there should be some 
potentially smaller basis element B’ € 4’ with x € B’ Cc B. 
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Corollary 2.2.13. Two bases & and &' for topologies on X generate the same topology if 
and only if (1) for each x € B € Z there is a basis element B’ € B with x € B’ C B, and 
furthermore, (2) for each « € B' € B' there is a basis element BE BZ withx € BC B’. 


Example 2.2.14. The basis ¥ of open circular regions in the plane and the basis 4 of open 
rectangular regions generate the same topology on R?, namely the metric topology. 


2.2.3 Subbases 


Starting with any collection .% of subsets of a set X, we can form a basis & for a topology by 
taking all finite intersections 
B=S,N-:-NSp 


of elements in .Y. The open sets in the topology Y generated by ¥ are then all unions of such 
basis elements B, which are all unions of all finite intersections of sets in .Y%. Such a collection 
SY is called a subbasis for the topology Y. To avoid ambiguity about the intersection of an 
empty collection, we mildly restrict the collection . as follows: 


Definition 2.2.15. A subbasis for a topology on X is a collection .Y of subsets of X, with union 
equal to X. The basis associated to 7 is the collection & consisting of all finite intersections 


B=S810-°-N Sn 


of elements S1,...,S, € -%, for n > 1. By the topology Y generated by the subbasis .Y we 
mean the topology generated by the associated basis &. 


Clearly YC BCT. 


Lemma 2.2.16. Let SY be a subbasis on X. The associated collection B is a basis for a 
topology. 


Proof. (1): Each x € X lies in some S € .Y, hence is an element of the basis element B = S € Z&. 

(2): Suppose that By = 5, 9---NS, and By = Spy41M-::N Saym are basis elements, 
and « € By N By. Let By = ByN By = S1N--:-ASmin. Then Bg is a basis element, and 
x€ By =B,N Bo. 


2.3 (§15) The Product Topology on X x Y 


2.3.1 A basis for the product topology 


Recall (from §5) that for two sets A and B, the cartesian product A x B is the set of ordered 
pairs (x,y), with « € A and ye B. 


Definition 2.3.1. Let X and Y be topological spaces. The product topology on X x Y is the 
topology generated by the basis 


B={UxV|U open in X and V open in Y} 


consisting of all sets U x V C X x Y, where U ranges over all open subsets of X and V ranges 
over all open subsets of Y. 


Lemma 2.3.2. The collection B (as above) is a basis for a topology on X x Y. 
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Proof. (1): X x Y is itself a basis element. 
(2): Let By = U1, x Vi and By = U2 x V2 be two basis elements. In view of the identity 


(Uy x Vi) A (U2 x V2) = (U1 N U2) x (VN V3) 


we have that By NM Bz = B3, where B3 = U3 x V3 is the basis element given by the product of 
the two open sets U3 = Uy U2 and V3 = Vi N Vs. 


The union of two basis elements 
(Uy x Vi)U (U2 x V2) 


is usually not a basis element. The open sets in the product topology on X x Y are the unions 


LJ Wa x Va) 


acd 
of arbitrary collections {By = Ua x Vataey of basis elements. 


Theorem 2.3.3. Let X have the topology generated by a basis @ and let Y have the topology 
generated by a basis @. Then the collection 


QG={BxC|BeEeBandCe@} 
is a basis for the product topology on X x Y. 


Proof. We apply Lemma 2.2.11. The elements B x C of the collection Y are open in the product 
topology, since each B € & is open in X and each C € @ is open in Y, so B x C is one of the 
basis elements for the product topology. 

Let (x,y) € W C X x Y where W is open in the product topology. By definition of the 
topology generated by a basis, there exists a basis element U x V for the product topology, 
such that (x,y) € Ux V C W. Since x € U, U is open in X and # is a basis for the 
topology on X, there exists a basis element B € # such that x € B C U. Similarly, there 
exists a basis element C € @ such that y ¢ C C V. Then B x C is in the collection Y, and 
(x,y)EBxCcCUKVCW. 


Example 2.3.4. The collection 4’ of open rectangular regions 
(a,b) x (ce, d) 


for a < b and c < dis a basis for the product topology on R x R, since the collection of open 
intervals (a,b) for a < b is a basis for the standard topology on R. As previously noted, this 
product topology is the same as the metric topology. 


2.3.2 A subbasis for the product topology 


Definition 2.3.5. Let m: X x Y — X denote the (first) projection m(x,y) = x, and let 
m2: X x Y + Y denote the (second) projection m2(2,y) = y, fora € X andy EY. 


Lemma 2.3.6. The preimage of U C X under 7: X x Y > X equals 
my () =U £Y. 
Similarly, the preimage of V CY under m2: X x Y > Y equals 


> (V)SX XV. 
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Proof. An element («,y) lies in 77 '(U) if and only if x = m(2,y) lies in U, which for y € Y is 
equivalent to asking that (x,y) lies in U x Y. The second case is similar. 


Note the identity 
(UX VOLK VI SU 


of subsets of X x Y. Hence each basis element B = U x V for the product topology on X x Y 
is the intersection of two subsets of the form S; = m1 (U) =Ux/Y and $2 = m5 '(V) =XxV. 
It follows that the basis for the product topology is generated by a smaller subbasis: 


Definition 2.3.7. Let 


SF={UxY|UCX open}U{X x V|V CY open} 
={ny1(U)|U CX open} U {ay !(V) | V CY open}. 


Lemma 2.3.8. The collection S (as above) is a subbasis for the product topology on X x Y. 
Proof. The finite intersections of elements in the subbasis are all of the form 
m (U)Nm (V)=UxV 


for U open in X and V open in Y, hence the subbasis generates the usual basis for the product 
topology. 


2.4 (§16) The Subspace Topology 


2.4.1 Subspaces 
Definition 2.4.1. Let (X, 7) be a topological space, and let A C X be asubset. The collection 


I, ={ANU|UeE F} 


of subsets of A is called the subspace topology on A. With this topology, (A, 7%) is called a 
subspace of X. 


Lemma 2.4.2. The collection Za (as above) is a topology on A. 


Proof. (1): @=AN@ and A= ANX are in Za, since @ and X are in J. 
(2): Each subcollection of %4 can be indexed as {ANUa}aes for some subcollection {Ua}oes 
of Y. Then 
LJ (Anu,) = An [Ua 
aed aed 
by the distributive law, and U,<7 Ua is in F, hence this union is in 7%. 
(3): Each finite subcollection of % can be indexed as {AN Uj,...,AMU,} for some finite 
subcollection {U1,...,Un} of 7. Then 


(ANU) N---N(ANU,) = AN(ULN---N Up) 


and U1 N-:--NU, is in J, hence this intersection is in %4. 


When (A, 74) is a subspace of (X, 7), and V C AC X, there are two possible meanings 
of the assertion “V is open”, namely V € Z or V € JZ. In general, these two meanings are 
different. 
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Definition 2.4.3. We say that “V is open in X”, or that “V is an open subset of X”, to 
indicate that V € 7, while we say that “V is open in A”, or that “V is an open subset of A”, 
to indicate that V € 7%. The latter means that V = ANU for some U that is open in X. 


Lemma 2.4.4. If & is a basis for a topology Z on X, and AC X, then the collection 
Bra={ANB|Be B 
is a basis for the subspace topology Z4 on A. 


Proof. We apply Lemma 2.2.11 for the topological space (A, %4) and the collection Ay. Each 
subset AN B in &y is open in A, since each basis element B € ¥ is open in X. Furthermore, 
each open subset of A has the form AMU for some open subset U of X. If x € ANU is any 
point, then x € U, so since & is a basis for the topology Y there exists a BE A with xe B 
and BCU. Then ANBE By, x€ ANB, and ANBCANU. By the cited lemma, Ay is a 
basis for the topology %4. 


Example 2.4.5. Give X = R the standard topology generated by the open intervals (a,b), and 
let A = [0,1). The subspace topology on A has a basis consisting of the intersections [0, 1)N(a, b), 
i.e., the subsets [0,b) and (a,b) for0 <a<6< 1. For instance, [0,1/2) = [0,1)M (—1/2, 1/2) 
and (0,1/2) = [0,1)M (0,1/2) are both open subsets of [0,1) in the subspace topology. 


Example 2.4.6. Let (X,d) be a metric space, with basis @ = {By(x,«) | x € X,¢ > 0} for the 
metric topology 7 = %. Here 


Ba(az,€) = {y € X | d(x, y) < e}. 


Let A Cc X be any subset, with metric d4 = d|A x A given by da(xz, y) = d(z, y) for all x,y € A. 
The metric space (A,d4) has basis A’ = {Bg,(x,€) | x € A,e > O} for the metric topology 
F' = Fq,,; where 

Ba,(z,€-) ={y€ A| da(z,y) <e}. 


Note that 
Ba, (2,6) = AN Ba(z, €) 


for all x € A. Hence 4’ C Ba and FJ’ Cc Fa, where Fx is the subspace topology on A. 

To prove that the two topologies are equal, so that 7% = 7’, we use Lemma 2.2.12 to 
check that %, C 7’. Thus consider any basis element AM Ba(x,¢) in %, and any element 
y € AN Ba(az,e). Then 6 = € — d(x,y) is positive, and Ba,(y,6) is a basis element in &’, 
y € Ba,(y,5) and Ba,(y,6) C AN Ba(z, €). 


Definition 2.4.7. By an open subspace of X we mean an open subset A C X with the subspace 
topology. 


Lemma 2.4.8. Let A be an open subspace of X. Then a subset V C A is open in A if and only 
if it is open in X. 


Proof. Suppose first that V is open in A, in the subspace topology. Then V = ANU for some 
U that is open in X. Since A is open in X, it follows that the intersection, V = ANU is open 
in X. 

Conversely, suppose that V Cc A is open in X. Then V = ANV, so V is also open in A. 
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2.4.2 Products vs. subspaces 


Lemma 2.4.9. Let X and Y be topological spaces, with subspaces A and B, respectively. Then 
the product topology on A x B is the same as the subspace topology on A x B as a subset of 
XxY. 


Proof. The subspace topology on A is generated by the basis with elements AM U, where U 
ranges over all open subsets of X. Likewise, the subspace topology on B is generated by the 
intersections BN V, where V ranges over all open subsets of Y. Hence the product topology on 
A x B is generated by the basis with elements 


(ANU) x (BV) 


where U and V range over the open subsets of X and Y, respectively. 
On the other hand, the collection of products U x V is a basis for the product topology on 
X x Y, so the collection of intersections 


(Ax B)N(Ux V) 


is a basis for the subspace topology on A x B, where U and V still range over the open subsets 
of X and Y. In view of the identity 


(ANU) x (BNV) =(Ax B)N(UxV) 


these two bases are in fact equal, hence they generate the same topology. 


Example 2.4.10. With A = S! C R? and B = (0, 27] C R, the product space 
Ax B=S' x [0,20] CR? x R&R? 


is a cylinder. If we view R as Rx {0} C R?, there is room to bend the interval B & [0,27] x {0} 
R? to bring its ends closer together, eventually forming the loop B’ = S! C R?. The product 
space 

Ax BPS 8° xe ER eR SR: 
is obtained from the cylinder S$! x [0,27] by bringing the two end circles together. This can be 
realized within R? by the torus surface. Hence $1 x S! is topologically “the same” as the torus 
surface. 


2.5 (§17) Closed Sets and Limit Points 


2.5.1 Closed subsets 


Definition 2.5.1. A subset K of a topological space X is said to be closed if (and only if) the 
complement X — K is open. In other words, the closed subsets of X are the subsets of the form 
X —U where U is open. 


Example 2.5.2. The interval [a,b] = {x € R| a < a < b} is closed in R (with the standard 
topology), since the complement R — [a, 6] = (—oo, a) U (b, co) is open. 


Example 2.5.3. In the discrete topology Zjs. on a set X, every subset is closed. In the trivial 
topology Ary, only the subsets @ and X are closed. 


Example 2.5.4. In the cofinite topology AZo. on a set X, the closed subsets are the finite 
subsets F' Cc X, together with X itself. 
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Theorem 2.5.5. Let X be a topological space. 

(1) @ and X are closed (as subsets of X ). 

(2) The intersection of any collection of closed subsets of X is closed. 
(3) The union of any finite collection of closed subsets of X is closed. 


Proof. (1): @ = X — X and X = X — @ are closed. 

(2): If {Ka}aey is any collection of closed subsets of X, then the complements Uy = X — Ka 
are all open, so that {Ua}acy is a collection of open subsets of X. To prove that the intersection 
Nees Ka is closed, we must check that its complement is open. By De Morgan’s law 


X- [| Ka=U(X- Ka)= UU 


acd aed acd 


is a union of open sets, hence is open, as desired. 

(3): If {#y,..., Kn} is a finite collection of closed subsets of X, then the complements 
U; = X — K; are all open, so that {U1,...,Un} is a finite collection of open subsets of X. To 
prove that the union Ky, U---U Ky is closed, we must check that its complement is open. By 
De Morgan’s law 


X —(K,U-:-UK,) = (X — Ki) n---9(X — Ky) =ULN--- NU, 


is a finite intersection of open sets, hence is open, as desired. 


Clearly the collection @ = {X —U | U € 7} of closed subsets of a topological space (X, 7) 
uniquely determine the topology 7, and any collection @ of subsets, called closed subsets, 
satisfying the three conditions of the theorem above, will determine a topology 7 = {X — K | 
K € @} in this way. 

When (A, 7%) is a subspace of (X, 7), and K Cc AC X, there are two possible meanings of 
the assertion “K is closed”, namely X —K € Z or A—K € JY. In general, these two meanings 
are different. 


Definition 2.5.6. We say that “K is closed in A”, or that “K is a closed subset of A”, if K 
is a subset of A and K is closed in the subspace topology on A, so that A—  K is open in the 
subspace topology on A. 


Theorem 2.5.7. Let A be a subspace of X. A subset K C A is closed in A if and only if there 
exists a closed subset L C X with K = ANL. 


Proof. If K is closed in A, then V = A — K is open in A, so there exists an open U C X with 
V=ANU. Then L = X —U is closed in X, and 


ANL=An(X-U)=A-(ANU)=A-VE=K. 


Conversely, if Z is closed in X and K = AN L, then U = X — L is open in X soV = ANU 
is open in A. Now 


A-K=A-ANL=AN(X-L)=ANU=E=V, 


so K is closed in A. 


Definition 2.5.8. By a closed subspace of X we mean a closed subset A C X with the subspace 
topology. 
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Lemma 2.5.9. Let A be a closed subspace of X. Then a subset kK C A is closed in A if and 
only if it is closed in X. 


Proof. Suppose first that K is closed in A, in the subspace topology. Then kK = AN L for some 
L that is closed in X. Since A is closed in X, it follows that the intersection, K = AN L is 
closed in X. Conversely, suppose that kK C A is closed in X. Then kK = AN K, so K is also 
closed in A. 


2.5.2 Closure and interior 


Definition 2.5.10. Let X be a topological space and A C X a subset. The closure ClA = A 
of A is the intersection of all the closed subsets of X that contain A. The interior Int A of A is 
the union of all the open subsets of X that are contained in A. 


Since unions of open sets are open, and intersections of closed sets are closed, the following 
lemmas are clear. 


Lemma 2.5.11. (1) The closure C1A is a closed subset of X. 
(2) AC CIA. 

(3) IfACK CX with K closed, then CIAC K. 

Lemma 2.5.12. (1) The interior Int A is an open subset of X. 
(2) Int ACA. 

(8) IfU CACX with U open, then U Cc Int A. 


Example 2.5.13. Let X = Rand A = [a,b) with a < b. The closure of A is the closed interval 
[a, b], and the interior of A is the open interval (a,b). The closure cannot be smaller, since [a, b) 
is not closed, and the interior cannot be larger, since [a, b) is not open. 


Example 2.5.14. If X has the discrete topology, Int A = A = C1A for each A C X, since each 
A is both open and closed. 

If X has the indiscrete topology, and A C X is a proper, non-empty subset, then Int A = @ 
and ClA= X. 

If X = {a,b} has the Sierpinski topology % = {@, {a}, X}, where {a} is open and {b} is 
closed, then Cl{a} = X but Cl{b} = {b}. 
Lemma 2.5.15. The complement of the closure is the interior of the complement, and the 
complement of the interior is the closure of the complement: 


X —ClA = Int(X — A) 
X —Int A= Cl(X — A) 


Proof. Since CIA =(\{K | ACK, K closed in X}, 
X-—CIA=|){X -K| ACK, K closed in X} 
=(JU|UCcx-A, U open in X} = Int(X — A), 


since A C K is equivalent to XY — K Cc X — A, where we substitute U for X — K. 
The other assertion follows by considering X — A in place of A. 
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Example 2.5.16. Let X = R and A = Q, the set of rational numbers. The closure of A equals 
R, while the interior of A is empty. For every e-ball (a — €,2 + €) in R contains both rational 
and irrational numbers, so the interiors of A and X — A are both empty. We say that Q is dense 
in R. 


Definition 2.5.17. A subset A C X is dense if CLA=X. 


2.5.3 Closure in subspaces 
To emphasize the role of the ambient space, we might write Clx(A) for the closure of A in X. 


Theorem 2.5.18. Let X be a topological space, Y C X a subspace, and A CY a subset. Let 
A denote the closure of A in X. Then the closure of A in Y equals YO A. 


Cly(A) = ¥ NClx(A) 


Proof. Let B denote the closure of A in Y. 
To see that B C YMA, note that A is closed in X, so YM A is closed in Y and contains A. 
Hence it contains the closure B of Ain Y. 
To prove the opposite inclusion, note that B is closed in Y, hence has the form B=YNC 
for some C' that is closed in X. Then A c B C C, so C is closed in X and contains A. Hence 
AcC and YNACY NC=B8. 


Example 2.5.19. Let X =R, Y = Q and A= QN (0,7). The closure of A in X is [0,7], and 
the closure of A in Y is QN [0,7] = QN[0, 7) (since z is not rational). Hence A is closed in Y. 


2.5.4 Neighborhoods 


Definition 2.5.20. Let X be a topological space, U C X a subset and x € X a point. We say 
that U is a neighborhood of x (norsk: “U er en omegn om x”) if « € U and U is open in X. 


One way to formalize that we consider “all points y sufficiently close to x”, for a given point 
x € X, is to consider “ all points y € U for some neighborhood U of x”. 

We say that a set A meets, or intersects, a set B if AN B is not empty. Here is a criterion 
for detecting which points x € X lie in the closure of A: 


Theorem 2.5.21. Let A be a subset of a topological space X. A point x € X lies in the closure 
A if and only if A meets every open set U in X that contains x. Equivalently, x € A if and 
only if A meets U for each neighborhood U of x. 


Proof. Consider the complement X — A and its interior. We have x € Int(X — A) if and only 
if there exists an open U with x € U such that U Cc X — A. The negation of x € Int(X — A) is 
x € X —Int(X — A) =A. The negation of UC X — Ais ANU # ©. The negation of “there 
exists an open U with x € U such that U C X — A” is therefore “for each open U with x € U 
we have ANU # @”. Hence z is in the closure of A if and only if A meets each neighborhood 


U of x. 


It suffices to check this for neighborhoods in a basis: 


Theorem 2.5.22. Let & be a basis for a topology on X, and let AC X. A point x € X lies 
in A if and only if A meets each basis element B € B with x € B. 


Proof. If there exists an open U with x € U such that U C X — A then there exists a basis 
element B € & with x € B such that B C X — A, and conversely. Hence we may replace “an 
open U” by “a basis element B” in the previous proof. 
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Example 2.5.23. Let A = {1/n|n¢N} CR. Then 0 € A, since each basis element (a, b) for 
the standard topology on R with 0 € (a, b) contains (—e,€) for some € > 0, hence also contains 


1/n € A for each n > 1/e. The closure of A is A= {0} UA. This is a closed subset of R, since 
the complement is the union of the open sets (—oo,0), (1/(n + 1),1/n) for n € N, and (1,00). 


2.5.5 Limit points 


Definition 2.5.24. Let A be a subset of a topological space X. A point x € X is a limit 
point of A if each neighborhood U of x contains a point of A other than x, or equivalently, of 
x belongs to the closure of A — {x}. (If x ¢ A, recall that A— {x} = A.) 

The set of limit points of A is often denoted A’, and is called the derived set of A in X. 


Example 2.5.25. Let A = {1/n|n¢N} CR. Then 0 € R is a limit point of A. In this case 
there are no other limit points of A. 


Theorem 2.5.26. Let A be a subset of a topological space X, with closure A and set of limit 
points A’. Then 
A=AUA’'. 


Proof. AU A' Cc A: Clearly A Cc A. If x € A’ then every neighborhood U of x meets A — {zx}, 
hence it also meets A, so x € A. 

AC AUA': Let x € A. If x € A, then x € AUA’. Otherwise, x ¢ A, so A—{x} = A. Since 
ax € A, every neighborhood U of x meets A— {x} = A, so x € A’ is a limit point of A. 


Corollary 2.5.27. A subset A of a topological space is closed if and only if it contains all its 
limits points. 


Proof. We have A = A if and only if A = AU A’, which holds if and only if A > A’. 


2.5.6 Convergence to a limit 


Definition 2.5.28. Let (71, 22,...) = (%n)P721 be a sequence of points in a topological space 
X, so fp, € X for each n € N. We say that (x,)?2, converges to a point y € X if for each 
neighborhood U of y there is an N € N such that x, € U for all n > N. In this case we call y 


a limit of the sequence (x,,)°°.,, and may write x, > y as n — oo. 


A sequence (x,,)°°., in X can also be viewed as a function f: N > X, with f(n) = 2, for 
each n € N. 


Example 2.5.29. Consider the Sierpinski space X = {a,b} with the topology % = {@, {a}, X}. 
The constant sequence (x,,)°°., with x, = a for all n € N converges to a, since the only neigh- 
borhoods of a are {a} and {a,b}, both of which contain x, for all n. Hence a is a limit of 


(a,a,...). 
However, the same sequence also converges to b, since the only neighborhood of 6 is {a, b}, 
which also contains x,, for all n. Hence 6 is also a limit for (a,a,...). 


On the other hand, the constant sequence (y,,)°2., with y, = 6 for all n € N converges to 6, 
since the only neighborhood {a,b} of b contains yp, for all n. 

This constant sequence does not converge to a, since the neighborhood {a} of a does not 
contain y, for any n, hence there is no N € N such that y, € {a} for alln > N. 
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2.5.7 Hausdorff spaces 


To obtain unique limits for convergent sequences, and be able to talk about the limit of a 
sequence, we must assume that the topology is sufficiently fine to separate the individual points. 
Such additional hypotheses are called separation axioms (German: Trennungsaxiome). The 
most common separation axiom is known as the Hausdorff property. 


Definition 2.5.30. A topological space X is called a Hausdorff space if for each pair of points 
x,y € X, with « ¥ y, there exist open sets U,V C X witha €U, ye V andUNV =@. In 
other words, there exist neighborhood U and V of x and y, respectively, that are disjoint. 


Example 2.5.31. The set X = {a,b} with the discrete topology is a Hausdorff space, since 
the only pair of distinct points is a and b, and the open subsets {a} and {b} are neighborhoods 
of a and b, respectively, with empty intersection. 

The set X = {a,b} with the Sierpinski topology % = {@, {a}, X} is not a Hausdorff space, 
since the only neighborhood of b is V = X, and no neighborhood U of a can be disjoint from X. 


Lemma 2.5.32. Each metric space (X,d) is Hausdorff. 


Proof. Let x,y € X be two distinct points. Then 6 = d(x, y) > 0. Consider the neighborhoods 
U = Ba(x,6/2) and V = Ba(y, 6/2) of x and y, respectively. Then UNV = @ by the triangle 
inequality. 


Remark 2.5.33. If (X,.7) is Hausdorff, clearly (X,7’) is also Hausdorff if 7’ is a finer 
topology than 7. In rough terms, the Hausdorff property asserts that there are “enough” open 
sets, locally in X. 


2.5.8 Uniqueness of limits in Hausdorff spaces 


Theorem 2.5.34. If X is a Hausdorff space, then a sequence («p)°°, of points in X converges 
to at most one point in X. 


Proof. Suppose that (a#,,)°2., converges to y and z. We must prove that y = z. 

Suppose, to achieve a contradiction, that y # z. Then there exist neighborhoods U of y 
and V of z with UNV = ©. Since (x,)?°, converges to y there exists an N € N such that 
tn € U for alln > N. Since (a,)?2, converges to z there exists an M € N such that rz, € V 
for alln > M. Hence, for n > max{N, M} we have x, € UNV, which is impossible, since this 
intersection is empty. 


Definition 2.5.35. If X is a Hausdorff space, and a sequence (x,,)°°_, of points in X converges 
to a point y € X, we say that y is the limit of (a,)°°,, and write 


n=1) 


y= lim @,y. 
NCO 


2.5.9 Closed sets and limits points in Hausdorff spaces 
Theorem 2.5.36. Each finite subset AC X in a Hausdorff space is closed. 


Proof. The set A is the union of a finite collection of singleton sets {x}, so it suffices to prove 
that each singleton set {x} is closed in X. 

Consider any other point y € X, with x 4 y. By the Hausdorff property there are open 
subsets U,V Cc X with x € U and y € V, such that UN V= 9%. Thenz ¢V,soX—-Visa 
closed set that contains {x}. Hence Cl{a} C X —V, so y ¢ Cl{x}. Since Cl{x} cannot contain 
any other points than x, it follows that {x} = Cl{x} and {z} is closed. 
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[[We omit the T, version of the following.]] 


Theorem 2.5.37. Let A be a subset of a Hausdorff space X. A point x € X is a limit point of 
A if and only if each neighborhood U of x meets A in infinitely many points. 


Proof. If UN A consists of infinitely many points, then it certainly contains other points than 
x, so U meets A — {x}. 
Conversely, if UM A is finite, then then UN (A — {x}) = {a1,..., an} is closed, so 


V =U — {a1,...,tn} =UN(X — {21,...,2n}) 


is open. Then x € V, V is open, and VM (A — {zx}) = 2, so = is not a limit point of A. 


2.5.10 Products of Hausdorff spaces 
Lemma 2.5.38. If X and Y are Hausdorff spaces, then so is X x Y. 


Proof. Let (x,y) and (2’,y’) be distinct points in X x Y. Thenaz 42’ ory Fy’. Ifa Aa’ 
there are open subsets U,V C X with r € U, 2’ eV andUNV=2@. ThenUxY,V xY are 
open subsets of X x Y, with (x,y) €U x Y, (a’,y() © Vx Y and (UxXY)N(V x Y) =@. The 
argument if y 4 y’ is very similar, obtained by interchanging the roles of X and Y. 


2.6 (§18) Continuous Functions 


2.6.1 Continuity in terms of preimages 


Definition 2.6.1. Let X and Y be topological spaces. A function f: X — Y is said to be 
continuous if for each open set V in Y the preimage 


fC) ={v EX | f(x) eV} 
is open in X. A continuous function is also called a map. 


Lemma 2.6.2. Let X, Y and Z be topological spaces. If f: X — Y andg: Y > Z are 
continuous functions, then the composite go f: X + Z is continuous. 


Proof. Let W C Zbe open. Then g~!(W) C Y is open since g is continuous, and f~!(g~!(W)) C 
X is open since f is continuous. But this set equals (go f)~!(W), so go f is continuous. 


Lemma 2.6.3. Let X and Y be topological spaces, and suppose that & is a basis for the topology 
on Y. Then a function f: X > Y is continuous if and only if for each basis element BE B 
the preimage f—'(B) is open in X. 


Proof. Each basis element B is open in Y, so if f is continuous then f~'(B) is open in X. 


Conversely, each open V C Y is a union V = ,-7 Ba of basis elements, and 


PF WH Ne Bas 


acd 


so if each f~!(Ba) is open in X, so is f-1(V). 


Lemma 2.6.4. Let X and Y be topological spaces, and suppose that Y is a subbasis for the 
topology on Y. Then a function f: X > Y is continuous if and only if for each basis element 
S eS the preimage f—1(S) is open in X. 
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Proof. We build on the previous lemma. 

Each subbasis element S$ is a basis element in the associated basis &, so if f is continuous 
then f~1(S) is open in X. 

Conversely, each basis element B € Z& is a finite intersection B = $,M---MS; of subbasis 
elements, and 


fU(B) = fF (Sr) AF (Sn), 
so if each f~1(S;) is open in X, so is f~+(B). 


Example 2.6.5. If (X,d) and (Y,d’) are metric spaces, then f: X — Y is continuous if and 
only if for each x € X and € > 0 there is a 6 > 0 such that Ba(az,5) C f~'(Ba (f(z), €)), ie, 
such that for all y € X with d(x, y) < 6 we have d'(f(x), f(y)) <. 


Example 2.6.6. Let Rg and R,o¢ be the real numbers with the standard (metric) topology and 
the cofinite topology, respectively. The identity function 


id: Reog + Ra 


(given by id(x) = x) is not continuous, since (a, b) is not open in the cofinite topology, for a < b. 
However, the identity function 
id: Ra > Reor 


(still given by id(a#) = x) is continuous, since R — F is open in the standard topology, for F 
finite. 


2.6.2 Continuity at a point 


Theorem 2.6.7. Let X and Y be topological spaces, and f: X + Y a function. Then f is 
continuous if and only if for each x € X and each neighborhood V of f(x) there is a neighborhood 
U of x with f(UU) CV. 


Definition 2.6.8. We say that f is continuous at x if for each neighborhood V of f(x) there 
is a neighborhood U of x with f(U) C V. Hence f: X — Y is continuous if and only if it is 
continuous at each x € X. 


Proof. If f is continuous, x € X and V is a neighborhood of f(x), then U = f~!(V) is a 
neighborhood of x with f(U) CV. 

Conversely, if V is open in Y and x € f~'(V) then V is a neighborhood of f(x), so by 
hypothesis there is a neighborhood U; of « with f(Uz) C V. Then x € U, C f7!(V). Taking 
the union over all z € f~1(V) we find that Une p-1(v) U2 = f—1(V) is a union of open sets, 
hence is open. 


2.6.3 Continuity in terms of closed sets and the closure 


Theorem 2.6.9. Let X and Y be topological spaces, and f: X + Y a function. The following 
are equivalent: 


(1) f is continuous. 


(2) For every subset AC X we have f(A) C f(A). 


(3) For every closed L in Y the preimage f~'(L) is closed. 
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Proof. (1) => (2): Assume that f is continuous and A Cc X. Each point in f(A) has the 
form f(a) for some x € A. We must show that f(x) € f(A). Let V be a neighborhood of f(z). 
By continuity, f~'(V) is a neighborhood of 2. Since « € A, the intersection AM f~1(V) is 
nonempty. Choose a y € AN f-!(V). Then f(y) € f(A) NV, since y € A implies f(y) € f(A) 
and y € f—'(V) implies f(y) € V. In particular, f(A) meets V. Since V was an arbitrary 
neighborhood of f(x) we have f(x) € f(A). 

(2) => (3): Let L CY be closed, and let A = f~!(L). We will show that A = A, so that 
A is closed. Now f(A) Cc L, so f(A) C L, since L is closed. By hypothesis f(A) Cc f(A), so 
f(A) CL, hence A c f~!(L) = A. This implies A = A. 

(3) = > (1): Let V CY be open, then L = Y — V is closed. By hypothesis 


flQD=f'W-V)=x-f (Vv) 


is closed, so f~'(V) is open. Hence f is continuous. 


2.6.4 Homeomorphism = topological equivalence 


Definition 2.6.10. A bijective function f: X — Y between topological spaces with the prop- 
erty that both f and f~!: Y > X are continuous, is called a homeomorphism. If there exists 
a homeomorphism f: X — Y we say that X and Y are homeomorphic spaces, or that they are 
topologically equivalent, and write X ~ Y. (Another common notation for homeomorphism is 
XY.) 

Lemma 2.6.11. Being homeomorphic is an equivalence relation on any set of topological spaces: 


(1) For each space X the identity function id: X + X, with id(~) = x for alla € X, is a 
homeomorphism. 


(2) If f: X + Y is a homeomorphism, then so is the inverse map f—!: Y > X. 


3) 1 :X > Y and g: Y + Z are homeomorphisms, then so is the composite map gf: X-> 
Z. 


Lemma 2.6.12. Let f: X — Y be a buyective function between topological spaces. The following 
are equivalent: 


(1) f ts a homeomorphism. 

(2) A setU C X is open in X if and only if the image f(U) CY is open inY. 

(3) A set V CY is open in Y if and only if the preimage f~!(V) C X is open in X. 

Proof. To say that f is continuous means that V C Y open implies f~!(V) C X open. To say 
that f—! is continuous means that U C X open implies f(U) C Y open. Now each U C X has 
the form U = f~!(V) for a unique V C Y, with f(U) = f(f7!(V)) = V. Hence to say that 
f7! is continuous also means that f~!(V) C X open implies V C Y open. 


This proves that (1) and (3) are equivalent. Replacing f by f~! proves that (1) and (2) are 
equivalent. 


In other words, f is a homeomorphism if and only the image function 
f: A(X) 9 AY) 


induces a bijection from the topology on X to the topology on Y, or equivalently, if the preimage 
function 


fol: PY) > A(X) 
induces a bijection from the topology on Y to the topology on X. 
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Remark 2.6.13. Any property of X that can be expressed in terms of its elements and its 
open subsets is called a topological property of X. If f: X — Y is a homeomorphism, than any 
topological property of X is logically equivalent to the corresponding topological property of Y 
obtained by replacing each element x € X by its image f(a) € Y, and each open subset U Cc X 
by its image f(U) C Y. Such topological properties are thus preserved by homeomorphisms. 


Example 2.6.14. For instance, being a finite topological space, having the discrete, trivial or 
cofinite topology, or being a Hausdorff space, are all examples of topological properties. So if X 
is a Hausdorff space and X = Y then Y is a Hausdorff space. We shall study other topological 
properties, like compactness and connectedness, in later sections. 


2.6.5 Examples 


Example 2.6.15. The two closed intervals X = [0,1] and Y = [a,b] with a < 6, each with the 
subspace topology from R, are homeomorphic: 


(0, 1] = [a, 8]. 


One example of a homeomorphism f: [0,1] — [a,}] is given by the linear function f(x) = 
a+(b—a)x = (1—2)a+-2b. The inverse f~!: [a,b] > [0,1] is given by the linear function 
f(y) = (y—-a)/(b—a). It is well known that both f and f~! are continuous. Hence any two 
closed intervals [a,b] and [c,d] are homeomorphic, for a < b and c < d. 


Example 2.6.16. Any two open intervals of the form (a,b), (a,0o), (—oo, b) or R = (—co, 0) 
are homeomorphic, for a < b. First, (0,1) and (a,b) are homeomorphic: 


(0,1) & (a,b). 


The linear map f: (0,1) — (a,b) given by f(a) = a+(b—a)a = (1—x)a+ab is a homeomorphism, 
with inverse f~!: (a,b) — (0,1) given by f~+(y) = (y—a)/(b—a). Next (0,1) and (1,00) are 
homeomorphic: 


(0,1) & (1,00). 


The function f: (0,1) — (1,00) given by f(x) = 1/x is a homeomorphism, with inverse 
f-1: (1,00) > (0,1) given by f~!(y) = 1/y. Using f(x) =a +c or f(x) = —a it is easy to see 
that (1,00) = (a,co) and (—oo,b) = (—6, 00) for any a and 6. Finally, function f: (—1,1) > R 
given by f(a) = 2/(1 — 2”) is a homeomorphism: 


(Sty 


To find the inverse we rewrite the equation x/(1 — 2?) = y as yx? +a —y = 0 and solve for 
x € (—1,1) as a function of y € R, namely 


piy- tts Qy 
2y 14+ f/1+4y2_ 
It is well known that both f and f~! are continuous, hence R is homeomorphic to (—1,1), and 


therefore to any open interval (a,b). Alternatively, tan: (—7/2,7/2) — R and arctan: R > 
(—7/2, 2/2) are both known to be continuous, hence mutually inverse homeomorphisms. 


Example 2.6.17. Let X = {a,b}, and let %={9,{a},X} and % = {@, {b}, X} be the two 
Sierpinski topologies. These are homeomorphic 


(X, Fa) = (X,-%) 
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by the function f: X + X given by f(a) = b and f(b) = a, which is equal to its own inverse. 
Note that the image function f: A(X) > A(X) takes % bijectively to %, with inverse given 
by the preimage function f~!: A(X) + A(X). In other words, any statement S$ about the 
elements and open sets of (X,-%) corresponds to a logically equivalent statement S’ about the 
elements and open sets of (X,.%), given by interchanging the roles of a and b. Note also that 
the identity function id: (X,.%) > (X, %) is not a homeomorphism— it is not even continuous. 


Example 2.6.18. Let S' C R? be the (unit) circle, and let N = (0,1) € S! be the uppermost 
point. There is a homeomorphism 


fi SHINS 
called stereographic projection, mapping a point (x,y) € S'— {N} to t € R where (t,0) is the 
intersection of the line though N and (2, y) with the x-axis. Hence 


x 


Ee Fe 


for all (x,y) € S'—{N}. This is the restriction of a continuous function from R x (R—{1}) C R? 
to R to the subspace S'—{N}, hence f is continuous. The inverse function f~!: R > S'—{N} 
maps t to f—!(t) = (x,y) with t = 2/(1—y) and x? + y? = 1, which we can solve for y 4 1 and 
then x to obtain Bie Bea 
==]: a 
FO = @y) (7 +17 t?+ i) : 
Clearly f and f~! are continuous, hence define mutually inverse homeomorphisms. 

Note that when (x,y) approaches N from the right (a > 0), the value of t approaches +00, 
while when (x,y) approaches N from the left (a < 0), the value of t approaches —oo. If we were 
to extend f to a homeomorphism from S$* to a space containing R, the latter space would have 
to contain exactly one point corresponding to N, which would have to be the limit of sequences 
(tn )°°, both for tp + +00 as n — oo, and for tp + —oo as n — oo. Hence the additional point, 
which we might call co, should be the limit of all sequences (tn)°°, with |t,| > co as n > oo. 
There is indeed a topology on the set 


RU {cw} 


with this propery, called the one-point compactification of R. We will generalize this construction 
from X = R to arbitrary locally compact Hausdorff spaces in §29 (Local Compactness). 


Example 2.6.19. Let S$” C R"*! be the (unit) n-sphere, and let N = (0,...,0,1) € S” be the 
‘north pole’. There is a homeomorphism 


PS HAN} HR? 


mapping x = (%1,...,¢n,y) € 8S” —{N} C R™*! tot = (t,..., tn) € R® where (t),...,t,0) is 
the intersection of the line though N and z with the linear subspace R” x {0} C R"+!. Hence 


The inverse function f~': R” > $” — {N} maps t = (ti,...,tn) € R” to 


Qty 2t,  |t|? — ) 


a4 
es = ( maths 
a es 2 +1 t2+1’ Ke +1 


36 


where |t/? = t? +--- +22. Clearly f and f~! are continuous, hence define mutually inverse 
homeomorphisms. 

The one-point compactification of R” is a space R” U {oo}, such that the stereographic 
projection f extends to a homeomorphism 


S” = R"U {oo}. 


[[Other compactifications, such as the real projective spaces RP” = R” URP"~1, can be 
constructed as quotient spaces. We consider these in §22 (The Quotient Topology).]] 


2.6.6 Nonexamples 


Example 2.6.20. The identity function id: Rg > Reo¢ is a bijection that is continuous but not 
a homeomorphism, since the inverse function (id: Reog > Rg) is not continuous. 


Example 2.6.21. Let X = [0,1) and Y = S', where 
St = {(a,y) €R? |e? +y" = 1} 


is the unit circle in the xy-plane, with the subspace topology. Let f: X — Y be given by 
f(t) = (cos(27t),sin(2z7t)) for t € [0,1). It is a continuous bijection, but the inverse function 
g = f~': S! = [0,1) is not continuous at f(0) = (1,0). For U = [0,1/2) is open in [0,1), while 
the preimage g~!(U) is not open in $'. This preimage equals the image f(U), which is the part 
of S! that lies strictly in the upper half-plane (where y > 0), together with the point (1,0). No 
neighborhood of (1,0) in $1 is contained in f(U), so f(U) is not open. 


2.6.7 Constructing maps 


Theorem 2.6.22. Let A be a subset of a topological space X. The subspace topology on A is 
the coarsest topology for which the inclusion i: A — X is continuous, where i(a) = a for all 
aca. 


Proof. For i to be continuous in a topology 7’ on A, the inverse image i7!(U) = ANU must 
be open in A for each open U CX, and conversely. This just means that 7’ must contain the 
subspace topology on A. 


Corollary 2.6.23. The restriction f|A: A — Y of any continuous function f: X > Y toa 
subspace A C X is continuous. 


Lemma 2.6.24. The corestriction g: X — B of any continuous function f: X + Y is contin- 
uous, where B CY is a subspace containing f(X). 


Proof. Each open subset V C B has the form BMU, where U C Y is open, hence g~!(V) = 
{xe X| g(x) eV} ={x EX | f(x) € U} = f-1(V) is open. 


Definition 2.6.25. A map f: X > Y is called an embedding (also called an imbedding) if the 
corestriction g: X — f(X) is a homeomorphism, where the image f(X) C Y has the subspace 
topology. 


Lemma 2.6.26. A map f: X — Y is an embedding if and only if it factors as the composite 
of a homeomorphism h: X + B and the inclusion 7: B + Y of a subspace. In particular, any 
embedding is an injective map. 
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Proof. It is clear that an embedding f factors in this way, with B = f(X). Conversely, if 
f=johwith j: BY the inclusion, then f(X) = B and h: X > B equals the corestriction 


of f. 


Example 2.6.27. The map f: [0,1) > R? given by f(t) = (cos(2z7t), sin(2z7t)) is an example of 
an injective continuous function that is not an embedding, since the corestriction g: [0,1) > S! 
to its image is not a homeomorphism. 


Theorem 2.6.28. Let f: X > Y be a function, and suppose that X = A,U---U Any is covered 
by a finite collection of closed subsets A; C X. Then f is continuous if (and only if) each 
restriction f|A;: Ai; > Y is continuous. 


Proof. Let L C Y be closed. For each 1 < i < n, the preimage (f|A;)~!(L) is closed in A;, since 
f|A; is continuous, hence is closed in X, since A; is closed. Then 


f(L) = (flA1) 7 (£Z) UU (f | An) "(L) 


is a finite union of closed subsets of X, hence is closed. 


Theorem 2.6.29. Let f: X + Y be a function, and suppose that X = U ez Aa is covered by 
a collection of open subsets Ag C X. Then f is continuous if (and only if) each restriction 
flAa: Ae > Y is continuous. 


Proof. Let V C Y be open. For each a € J, the preimage (f|Aq)~!(V) is open in Aq, since 
f|Aa is continuous, hence is open in X, since Aq is open. Then 


fWV) = J (fle) UV) 


acd 


is a union of open subsets of X, hence is open. 


[[See Munkres p. 107/109 for examples. ]] 


Lemma 2.6.30. Let P = {p} be a singleton set, with the unique topology. For each topological 
space X the unique map f: X > P is continuous. 


Proof. The only open subsets of P are @ and P, with preimages @ and X, respectively, and 
these are open. 


Corollary 2.6.31. Each constant function c: X — Y to a point p € Y is continuous, where 
C(x) =p for allxe X. 
2.6.8 Maps into products 


Let X and Y be topological spaces, and give X x Y the product topology. Recall, or introduce, 
the notations 7: X x Y — X for the (first) projection ™ (x,y) = # and mz: X x Y > Y for 
the (second) projection m2(x, y) = y. 


Lemma 2.6.32. 7,: X x Y ~ X anda: X x Y > Y are continuous. 


Proof. For each open subset U C X the preimage a (U) = U x Y is in the basis for the 
product topology on X x Y. In particular, it is open. Hence 7, is continuous. The case for 72 


is very similar. 


Theorem 2.6.33. Let W be any topological space. A function f: W > X x Y is continuous if 
and only if both of its components fi = mof: W—- X and fe = m20f: W > Y are continuous. 
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Proof. The ‘only if’ part follows from the continuity of 71 and 72, and the fact that the composite 
of two maps is a map. 
For the ‘if’ part, note that for each open U C X we have 


fr°W) =f xY) 
and for each open subset V C Y we have 
fy'(V) =f (Xx V). 
If f; and f2 are continuous, then f7'(U) and f;'(V) are open. Hence so is their intersection 
fats SP SYN eV a RR VSP (EVs 


Letting U and V vary, U x V ranges over the ‘standard’ basis for the product topology on 
X x Y, and we have just seen that the preimage f~!(U x V) of each of these basis elements is 
open in W. This suffices to prove that f is continuous. 


Example 2.6.34. Let W = (a,b) C Rand X = Y =R. A function f: (a,b) — R? can be 
written f(t) = (fi(t), fo(t)). Then f is continuous if and only if both of the component functions 
fi and f2 are continuous. 


Corollary 2.6.35. The product topology on X x Y is the coarsest topology for which both of 
the projection maps 71: X x Y > X and m2: X x Y > Y are continuous. 


Proof. The projection maps are continuous for the product topology. Conversely, for 7, and 72 
to be continuous with respect to a topology 7’ on X x Y is equivalent to asking that U x Y 
and X x V lie in 7’ for all open U C X and V CY. This is in turn equivalent to asking that 


UxV=(UxXY)N(X x V) 


lies in 7’, for all open U C X and V CY, ie., that 7’ is finer than the product topology. 


2.6.9 Maps out of products 


Let Z be any topological space. The analysis of continuous functions X x Y —+ Z is not as 
simple as the case of maps W + X x Y, but for reasonable spaces X (or Y) there are reasonable 
answers. 

First, ignoring topology, there is a bijective correspondence between functions 


fp:XxY3Z 
(of two variables, x € X and y € Y) and functions 
g: X — Func(Y, Z) 


where Func(Y, Z) = {h: Y — Z} is the set of all functions from Y to Z. The correspondence 
sends f to g: x +> g(x) where g(x): Y > Z is given by 


f(@,y) = g(@)(y) - 
Letting f vary, we have a bijection (of sets) 


Func(X x Y, Z) = Func(X, Func(Y, Z)). 
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Taking topologies into account, we might ask for a similar description of the subset 
Cont(X x Y, Z) C Func(X x Y, Z) 


of continuous functions X x Y + Z. Here Cont(Y, Z) = {continuous h: Y + Z}. (We might 
later abbreviate this to @(Y, Z).) 
Suppose hereafter that f: X x Y > Z is continuous. For each « € X, the inclusion 


ins ¥Y  XxY 
yt (x,y) 


is an embedding, topologically identifying Y with its image {x} x Y C X x Y in the subspace 
topology. In particular, 7, is continuous, so for each x € X the function 


g(a) = foig: Y SZ 


is the composite of two maps, hence is itself a map. Thus, g: X — Func(Y, Z) in fact takes 
values in Cont(Y, Z), and we get an injective function 


Cont(X x Y, Z) —> Func(X, Cont(Y, Z)) 
fro (g: a g(x) = f ot) 


However, this function is not surjective. In other words, a function f: (x,y) WH f(x,y) may 
be continuous in the second variable (y) for each value of the first variable («), without being 
continuous. 

This is perhaps not so surprising. A little less obvious is that f can be continuous in each 
variable separately, and still not be continuous. A standard example is f: R x R > R given by 


2xry 
Nate ere! 
0 for (x, y) = (0,0). 


Here y+> f(x,y) is continuous as a function R > R for each y, and x + f(x,y) is continuous 
for each x, but f is not continuous at (0,0) as a function R x R— R. This is clear from the 
formula f(x,y) = sin(20) where (x, y) = (rcos6,rsin 6) 4 (0,0). 

To recognize the maps f: X x Y — Z in terms of the maps g(x): Y > Z for « € X, we 
might impose further conditions on the function 


g: X —>+ Cont(Y, Z) 
xr g(x) 


In particular, we might ask that the function g is itself continuous. However, we can only make 
sense of this if the set Cont(Y, Z) is turned into a topological space. In other words, we have 
to specify a topology on the set of maps Y > Z. In 846 (Pointwise and Compact Convergence) 
we shall introduce a topology on Cont(Y, Z), called the compact—open topology (S. Lefschetz, 
ca. 1942(?)). The functions g: X — Cont(Y, Z) that arise from maps f: X x Y > Z will then 
be continuous, with respect to the given topology on X and the compact—open topology on 
Cont(Y, Z). Hence we get an injective function 


Cont(X x Y, Z) —> Cont(X, Cont(Y, Z)) 
SoaeG 
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and for locally compact Hausdorff spaces Y, this function is also surjective, hence bijective 
(R. H. Fox, 1945). Viewing Cont(X x Y,Z) and Cont(X,Cont(Y, Z)) as topological spaces, 
with the compact—open topologies, it also follows that this bijection is in fact a homeomorphism 
(J. R. Jackson, 1952). 

In general there are many possible topologies that can be imposed on sets of functions, such 
as Func(Y, Z) and Cont(Y, Z), and the resulting spaces are called function spaces. In the first 
case, Func(Y, Z) can also be viewed as a product of one copy of Z for each element of Y: 


Fune(Y,Z) —+ [J Z 
yeY 


h— (h(y))yey 


In the case when Y = {y1, yo} has only two elements, we have already discussed the product 
topology on Hyer Z=Zx Z. We now extend this to the case of arbitrary indexing sets Y. 
We can also relax that condition that all factors Z in the product are the same. This leads us 
to general products, which is the subject of the next section. 


2.7 (§19) The Product Topology 


Definition 2.7.1. Let {Xq}aey be an indexed collection of sets. The cartesian product 

I] % 

aed 
is the set of J-indexed sequences (%a)aey with ro € Xq, for each a € J. 
Definition 2.7.2. For each 6 € J there is a projection function 

TB: Il Xq > XB 
aed 

taking (%o)aces to vg. 


Now suppose that each X,q is a topological space. We wish to equip [[,<¢; Xa with the 
coarsest possible topology 7 such that each projection 7g is continuous. In other words, for 
each open subset Ug C Xg, the preimage m3 '(Up) must be open in [],-7 Xa. Here 


mz '(Ug) = [J Aa 


acd 
where 
U, fora= fp, 
Ag = ; 
Xo otherwise. 


The collection 
= {m5 (Ug) | 6 € J, Ug C Xz open} 


must therefore be contained in the topology 7. 
Furthermore, each finite intersection 


B= 15) (Up,)N---05"(Up,) 


Al 


of such preimages must be open in [[,¢7 Xa, since any finite intersection of open sets is open. 
Here 6; € J and Ug, is an open subset of Xg,, for each 1 <i <n. We may assume that 6; 4 3; 
for i ~ j, and in this case the intersection can be written as 


B= () 13, (Up;) = I] Aa 


i=1 aed 


where 


U, fora=);,,1<i<n, 
Ag = ; 
Xo otherwise. 


The collection 
B={SN-°-NS, | 5,6 %,1<i<n} 
= {15,'(Up,) Mee N13 (Up,) | Bi € J, Ug, open in Xg,, 1 <i <n} 


of finite intersections of the elements in .” is evidently a basis. For ]],¢7 Xa is an element in 
the collection, and given any two elements B, and By in the intersection By NM Bo is again an 
element in &. 


Definition 2.7.3. The product topology on [|,<7 Xa is the topology 7 generated by the basis 
B= {xg,'(Up,) AeA 75, (Un) | 6: € J, Ug, open in Xg,, 1 <i <n} 
consisting of all finite intersections of preimages 


-1 
7g (Uz), 
where 8 ranges over the indexing set J and Ug ranges over the open subsets of Xg. 


In this situation we call the collection .Y a subbasis for the topology .7. The collection FY 
of all finite intersections of sets in Y is a basis, and the associated topology 7 consists of all 
unions of sets in @. See §13 (Basis for a Topology) for more details. 


Lemma 2.7.4. The elements of the subbasis .Y generating the product topology on || ye7 Xa 
are precisely the products 
S= |[U. 


acd 


where each Ug C Xq is open, and Ug # Xq for at most onea€ J. 
The elements of the associated basis B for the product topology on || ,e7 Xa are precisely 


the products 
B= |[U 
acd 


where each Ug C Xq is open, and Ug # Xq for only finitely many a € J. 


Proof. For each 6 € J and Ug C Xg open we have 


mg'(Us) = [J Va 


acd 


where U, = Xq for alla 4 8. 
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The intersection of two subbasis elements 3 (VU) and mg (V), with U,V C Xg for the same 
8 € J, is equal to the subbasis element m3 (U OV). Hence the basis elements all have the form 
m3, (Up,) N+: 15" (Ug,) 


for some finite subset {/31,...,8n} C J and open subsets Ug, C Xg, for 1 <i <n, where all of 
the 6; are distinct. This finite intersection equals 


I 


acd 


where Ug = Xq for alla ¢ {1,..., Br}. 


As always, each open subset of [],-7 Xa is the union of a collection of basis elements, and 
each such union is open. 


2.7.1 Pointwise convergence 


In the special case of a J-indexed sequence {Xa}acy where all the spaces Xq are equal (to one 
space X), the product 

[| ¥ =X? = Func(J, X) 

aed 
is the set of functions f: J > X, with f corresponding to (f(@))aez. Note that mg(f) = f(), 
for each 6 € J. The product topology on this set is often called the topology of pointwise 
convergence, due to the following property: 


Proposition 2.7.5. Let (fn)? be a sequence of functions fr: J > X, and let f: J > X be 
another such function. Then 
fn 7 f asn-> co 


in Func(J, X) if and only if the functions f, converge pointwise to f, i.e., if and only if for 
each B € J we have 

fn(8) + f(B) as n + 00 
in X. 


Proof. Suppose that f, — f as n — oo in the product topology on [], X = KS Func(J, X). 
Consider any 8 € J. To show that fn(G) > f(G) as n > co we must show that for any 
neighborhood U of f(@) in X there is an N such that f,(G) € U for all n > N. Note that 
m3 (U) is a neighborhood of f in Func(J,X). Hence there is an N such that fn € ng (U) for 
all n > N. This is equivalent to the required property, that f,(3) € U for alln > N. 

Conversely, suppose that fn(G) > f(@) for each 6 € J. To show that f, > f as n > co we 
must show that for any neighborhood V of f in Func(J, X) there is an N such that f,, € V for 
alln > N. Given f and V there exists a basis element 


B= 15)(Uy)N--- 75" (Upn) 


for the product topology, with f ¢ B CV. Here 61,...,8m € J and Ug,,...,Ug,, are open in X. 
Since fE BC m3 (Up,) we have f(@,) € Ug,, and similarly f(G2) € Ug,,...,f(Bm) € UB: 
Since fn(G1) > f(G1) as n — oo, there exists an Nj such that f,(G1) € Ug, for all n > Nj. 
Similarly, there exists No such that f,(G2) € Ug, for all n > No, ..., and N, such that 
fn(Bm) € Uz,, for alln > Nm. Let N = max{N1,No,...,Nm}. Then f(6;) € Ug, for all 
1<i<mandn>WN. Hence f € BC V for alln > N. Since the neighborhood V of f was 
arbitrarily chosen, this means that f, > f asin — co. 
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2.7.2 Properties of general product spaces 


Theorem 2.7.6. Let {Xahacy be a collection of topological spaces. A function f: A > 
Ilacy Xa is continuous if and only if all of its components fg = mg 0° f: A + Xq are con- 
tinuous. 


Corollary 2.7.7. The product topology on |] 
the projection maps mg: [] 


acy Sa is the coarsest topology for which all of 
acJ Aa > Xg are continuous. 


Theorem 2.7.8. Let Aq be a subspace of Xq for eacha € J. The product topology on []yc7 Aa 
equals the subspace topology from || ,e7 Xa- 


Theorem 2.7.9. If Xq is a Hausdorff space, for each a € J, then [[,-;Xa is Hausdorff. 


aces 
Theorem 2.7.10. Let Aq be a subset of Xq for eacha € J. The closure of the product [| ye; Aa 
equals the product of the closures: 

][ 4¢= I] 4e- 


aed aed 
[[See Munkres page 116.]] 


2.8 (§20) The Metric Topology 


2.8.1 Bounded metrics 
Let (X,d) be a metric space. Recall the associated metric topology % on X. 


Definition 2.8.1. A topological space (X, 7) is metrizable if there exists a metric d on X so 
that J is the topology associated to d. 


Definition 2.8.2. A metric space (X,d) is bounded if there exists a number M such that 
d(x,y) < M for all x,y € X. If (X,d) is bounded the diameter of X is the least upper bound 


diam(X) = sup{d(z,y) | x,y eX}. 
Being bounded is a metric, not a topological property: 


Theorem 2.8.3. Let (X,d) be a metric space. Define the standard bounded metric d: X x X > 
R by 


d(x,y) = min{d(a,y), 1}. 
Then d is a bounded metric on X that defines the same topology as d. 
Proof. Checking that d(x, y) = 0 if and only if x = y, and d(y, x) = d(x, y), is trivial. To prove 


the triangle inequality 7 7 / 
Ux, 2) < d(x,y) + dy, z) 


we divide into two cases. If d(a,y) > 1 or d(y,z) > 1, then d(x, y) = 1 or d(y, z) = 1, so 


d(x,z) <1<d(z,y)+dly,z). 


Otherwise, d(x, y) = d(x, y) and d(y, z) = d(y, z), so 
d(x,z) < d(x, z) < d(x,y) + d(y, z) =d(x,y) + dly,z). 


It is clear that d(x, y) < 1 for all x,y € X, so (X,d) is bounded. 
In any metric space, the collection of e-balls with € < 1 is a basis for the associated topology. 
These collections are the same for d and d. 
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2.8.2 Euclidean n-space 


Definition 2.8.4. Let X = R” be the set of real n-tuples 7 = (x1,...,%,). The Euclidean 
norm on R” is given by 


Iz = Veit 42h 
and the Euclidean metric is defined by 
d(x,y) = lly — all. 
The sup norm = maz norm on R” is given by 
I|tl]o0 = max{]ai|,---, |anl} 


and the square metric is defined by 


p(t, y) = lly — 2lloo - 
Here p is the Greek letter ‘rho’. 


Theorem 2.8.5. The Euclidean metric d, the square metric p, and the product metric of n 
copies of R, all define the same topology on R”. 


Proof. For each x € R”, any neighborhood of x in one of these topologies contains neighborhoods 
of x in the two other topologies. 


2.8.3 Infinite dimensional Euclidean space 


For any indexing set J, consider the set RY of real J-tuples x = (Za)aes; OF equivalently, of 
functions 
gz: JOR. 


For example, when J = {1,2,...,n} we can identify Rt!?--") with R”. 

When J = {1,2,...} = N we write R” for the set of real sequences + = (%,)?7°.,. (Recall 
that w denotes the first infinite ordinal, represented by N with the usual linear ordering. The 
ordering plays no role in the definition of the topology on R”.) 


The formulas 
lz|| =4/ap+a3 +... 


I|tl]o0 = supt{ lei], [za], ---t 


and 


are not well-defined for all x € R’. 

However, ||x||,. does make sense for all bounded sequences in R. Replacing the usual metric 
on R with the standard bounded metric will therefore allow us to generalize the square metric 
to infinite dimensions. 


Definition 2.8.6. Let (X,d) be any metric space, with associated standard bounded metric d. 
Let J be any set, and let X/ be the set of J-tuples x: J —> X in X. The function 


p(z,y) = sup{d(£a, Ya) Jae J} 


defines a metric on XY, called the uniform metric on X. The associated topology is called the 
uniform topology. 
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Remark 2.8.7. The sets 
B(a,e) ={y € X7| d(ra, ya) < € for each a € J } 


with « € X and 0 < € < 1 also form a basis for the uniform topology. This follows from the 
inclusions 
B;(x,€/2) C B(z,€) C Ba{x, €). 


Theorem 2.8.8. The uniform topology on R’ is finer than the product topology. 


Proof. Consider a point x = (%qa)aes in R/ and a product topology basis neighborhood 
B= |[U. 
acd 


of x, where each U,, is open and Ug # R only for a € {aj,...,an} C J. For each i choose an 
€; > Oso that Bz(Xo,, €;) C Uj. Let € = min{ey,...,€n}. Then Bz(z,€) C B, since if y € Bz(z, €) 
then 

A(x, y) = sup{d(Za, Ya) | ae J} <e 


so that d(@a, Ya) < € for all a € J. In particular, ya € Ug for alla € J. 


[[Exercise: The uniform topology is strictly finer than the product topology for J infinite.] 
The product topology is metrizable when J is countable. It suffices to consider the case 
J=N. 


Theorem 2.8.9. Let d(x, y) = min{|y—<|,1} be the standard bounded metric on R. For points 
© = (Xn)rois ¥ = (Yn)nia € R® define 


Dery). = sup{ Men Yn) [ne n} : 


Then D is a metric that induces the product topology on R’. 


Proof. ((See Munkres p. 125 for the proof that D is a metric.)) 

Let us show that the product topology on R” is finer than the metric topology from D. 
Suppose that « € V where V C R” is open in the metric topology. Then there is an € > 0 with 
Bp(a,¢) C V. We seek an open set U in the product topology with x € U C Bp(a,€). 

Let 

Un, = By(tn, ne/2) 


for all n € N. More explicitly, Un = (an — ne/2,ay + ne/2) for all 1/n > €/2, and U, = R for 
all 1/n < €/2. Then each U,, is open, and U,, # R only for finitely many n, so 


is open in the product topology, with x € U. If y € U then yn € Un, so d(an, Yn) < ne/2 and 
d(Xn,Yn)/n < €/2, for each n € N. Hence D(z, y) < €/2 <€ and U C Bp(z,«), as required. 

Conversely, we show that the metric topology from D is finer than the product topology on 
RY. Let x € U where U C R” is open in the product topology. Then there is a basis element 
B for the product topology, with x € BC U. We seek an € > 0 such that Bp(a,e) C B. 


The basis element has the form = 
B=||[U 
n=1 
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where t, € Uy is open for each n, and U, # R only for finitely many n. If Up, = R let 6, =n, 
otherwise choose 0 < 6, < 1 such that (ap — 6n,%n + 6n) C Un. Let 


c=min{™ |nen}, 


The minimum is well-defined since only finitely many of these numbers are different from 1. If 
y € Bp(a,€) then 

d(an,Yn)/n <€<6n/n 
for all n. It follows that y, € Un, since there is only something to check if U, 4 R, in which 
case bn <1, and d(2n, Yn) < Sn implies yn € (%n — Sn, Xn + 5n) C Un. Hence Bp(z,¢) C B, as 
required. 


2.9 (§21) The Metric Topology (continued) 


Definition 2.9.1. A topological space X has a countable basis at a point x € X if there is a 
countable collection {B,}?°, of neighborhoods of x in X, such that each neighborhood U of x 
contains (at least) one of the B,. A space with a countable basis at each of its points is said 
to satisfy the first countability axiom. Replacing each B, by Bi N---A Bn we may assume that 
the neighborhoods are nested: 


By D ByD:::-DBy,D.... 


Lemma 2.9.2. Each metric space (X,d) satisfies the first countability axiom. 


Proof. A countable basis at x € X is given by the neighborhoods Ba(x,1/n) for n € N. 


Lemma 2.9.3 (The sequence lemma). Let AC X. 

(a) If there is a sequence (an)°, of points in A that converges to x, then x € A. 

(b) If X is metrizable, and x € A, then there is a sequence (%n)°, of points in A that 
converges to xX. 


Proof. (a) Suppose #, > x as n — oo. For any neighborhood U of x then there is an N € N 
such that zp € U for alln > N. In particular, ANU #0. Since U was arbitrary, x € A. 

(b) Let z € A. For each n € N the neighborhood Bg(x,1/n) of x meets A, so we can choose 
an In € AN Ba(ax,1/n). Then x, > x as n > oo, as each neighborhood U of x contains some 
Ba(x,1/N), hence also each By(x,1/n) forn > N,so a, €U for alln > N. 


Theorem 2.9.4. Let f: X + Y be a function. 

(a) If f is continuous, then for every convergent sequence t, — x in X the image sequence 
f(%n) converges to f(x) inY. 

(b) If X is metrizable, and for every convergent sequence tp, — x in X the image sequence 
f(an) converges to f(x) in Y, then f is continuous. 


Proof. (a) Consider any neighborhood V of f(x) in Y. Since f is continuous, the preimage 
f—l(V) is a neighborhood of x in X. If 2, — x as n + oo then there is an N € N such that 
tn € f—1(V) for alln > N. Then f(a) € V for all n > N. Since V was arbitrarily chosen, 
f(tn) > f(z) as n > 0. 

(b) Let A C X be any subset. We prove that f(A) C f(A), which implies that f is 
continuous. Any point in f(A) has the form f(a) with x € A. By the lemma above, there exists 
a sequence (%,)°°., in A with rz, > x as n > oo. By hypothesis, f(an) > f(x) as n > oo, 
where (f(#,))°2, is a sequence of points in f(A) C Y. Hence f(z) is in the closure of f(A). 


AT 


Lemma 2.9.5. An uncountable product R’ of copies of R is not metrizable. 


Proof. Let J be uncountable. We show that X = R/ does not satisfy the converse claim in the 
sequence lemma. Let 


A={(Xa)aes | Za # 0 for only finitely many a € J} 


and a = (1)aey. We shall prove (a) that 2 € A, but (b) there is no sequence (x,)°@, of points 
in A that converges to x. Here each x, is a J-tuple (tna)acs- 

Claim (a): Consider any basis element B = [],-7Uo containing x = (1)aey. Here Uz C R 
is open, 1 € U,, and Ua # R only for finitely many a € J. Let 


0 ifU,g= 
Ya = 


A 


’ 


1 ifU,4R. 


Then y = (ya)acy is in A and in B, hence ANB#2@. Sore A. 

Claim (b): Let (a,)°2, be any sequence of points in A. For each n € N, let Jp be the finite 
set of a € J such that rp. # 0. Then Wie Jn is a countable union of finite sets, hence is 
countable. Since J is uncountable there exists a 8 € J—U?°, Jn. Then x,,g = 0 for all n, and 


U = 1g (1/2,3/2) 


is a neighborhood of x = (1)ae7 that does not contain any x,. Hence (x,,)°°., cannot converge 
to x. 


2.10 (§22) The Quotient Topology 


Each injective function f: X — Y factors as a bijection g: X — B followed by an inclusion 
i: BC Y, where B = f(X) is the image of f. When Y is a topological space, we defined the 
subspace topology on B to be the coarsest topology making 7: B — Y continuous. We may 
also give X the unique topology making g: X — B a homeomorphism, and then f: X — Y is 
an embedding. 

In this section we consider the more-or-less dual situation of a surjective function f: X > Y. 
When X is a topological space we shall explain how to give Y the finest topology making f 
continuous, called the quotient topology. 


2.10.1 Equivalence relations 


Definition 2.10.1. A relation ~ (read: “tilde”) on a set X is a subset RC X x X, where we 
write x ~ y if and only of (x,y) € R. An equivalence relation on X is a relation ~ satisfying 
the three properties: 


(1) «~~ for each x € X. 
(2) «~ y implies y ~ x for x,y € X. 
(3) «~yand y~ z implies x ~ z for z,y,z € X. 


Definition 2.10.2. If ~ is an equivalence relation on X, let 


[7] ={yeX |x~y} 
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be the equivalence class of x € X. (This is a subset of X.) Note that x € [a] for each x € X, 
and [x] = [y] if and only if « ~ y. Hence the equivalence classes are nonempty subsets of X 
that cover X, and which are mutually disjoint. Let 


X/~ = {[e]| © € X} 


(read: “X mod tilde”) be the set of equivalence classes. (This is a set of subsets of X.) The 
canonical surjection 

mw: X > X/~ 
is given by 7(x) = [a]. 


Lemma 2.10.3. Let f: X — Y be a surjective function. Define an equivalence relation ~ on 
X byx~y if and only if f(x) = f(y). There is an induced bijection 


h: X/~ 3 Y 


given by h([z]) = f(x). Its inverse h~! takes y € Y to the preimage f—+(y), which equals [z] 
for any choice of x € f~'(y). The surjection f: X + Y thus factors as the composite of the 
canonical surjection tm: X + X/~ and the bijection h: X/~ > Y. 


Proof. The function h is well-defined since [x] = [y] only if x ~ y, in which case f(x) = f(y) by 
assumption. It is surjective since each element of Y has the form f(x) = h((x]) for some x € X. 
It is injective since h([xz]) = h([y]) implies f(x) = f(y) sox ~ y and [a] = [y]. 


In this way we can go back and forth between equivalence relations on X and surjective 
functions X — Y, at least up to a bijection. 


2.10.2 Quotient maps 


Definition 2.10.4. Let f: X — Y be a surjective function, where X is a topological space. 
The quotient topology on Y (induced from X) is the collection of subsets V C Y such that 
f-1(V) is open in X. 


Lemma 2.10.5. The quotient topology is a topology on Y. 


Proof. (1): f-'(@) = @ and f-'(Y) = X are both open in X, so @ and Y are open in the 
quotient topology on Y. 
(2): If {Vatae,s is a collection of open subsets of Y then each f~'(Vq) is open in X, so 


Pa Ne) 


aed acd 


is a union of open sets in X hence is open in X, so U,cz Va is open in the quotient topology 
on Y. 
(3): If {Vi,..., Vn} is a finite collection of open subsets of Y then each f~!(V;) is open in 
X, S80 
FEV Vn) = FV) 1 $V) 


is a finite intersection of open sets in X hence is open in X, so Vj 4---MV, is open in the 
quotient topology on Y. 


Definition 2.10.6. A surjective function f: X — Y between topological spaces is called a 
quotient map if Y has the quotient topology from X, i.e., if V C Y is open if and only if f~!(V) 
is open in X. 
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Lemma 2.10.7. A quotient map f: X > Y is continuous. 


Proof. When Y has the quotient topology from X, V C Y is open (if and) only if f~!(V) is 
open in X. In particular f is continuous. 


Lemma 2.10.8. Let f: X — Y be a surjective function, where X is a topological space. The 
quotient topology is the finest topology on Y such that f: X > Y is continuous. 


Proof. Let Z be a topology on Y such that f: X — Y is continuous. Then for each V € Y we 
have that FAV) is open in X, so V is in the quotient topology. Hence 7 is coarser than the 
quotient topology. 


Lemma 2.10.9. A surjective function f: X + Y is a quotient map if and only if the following 
condition holds: a subset L C Y is closed if and only if f~'(L) is closed in X. 


Proof. Let V = Y — L. Then L is closed if and only if V is open, and f~1!(L) is closed if and 
only if 
X—f(L)=fY-L)=f (Vv) 


is open. 


Lemma 2.10.10. A bijective quotient map f: X + Y is a homeomorphism, and conversely. 


2.10.3. Open and closed maps 


Definition 2.10.11. Let f: X — Y be a function. 

We say that f is an open function if for each open U C X the image f(U) is open in Y. If 
f is also continuous, we say that f is an open map. 

We say that f is a closed function if for each closed K C X the image f(K) is closed in Y. 
If f is also continuous, we say that f is a closed map. 


Lemma 2.10.12. Let Z be a basis for a topology on X. A map f: X > Y is open if and only 
if f(B) is open in Y for each basis element Be B. 


Proof. Each basis element is open in X, so if f is an open map then f(B) will be open in Y. 
Conversely, any open subset U C X is a union of basis elements U = UJ By, so if each 
f (Ba) is open in Y then 


aed 


POST Babe 


acd acd 


is open. 


Lemma 2.10.13. (1) Each surjective, open map f: X > Y is a quotient map. 
(2) Each surjective, closed map f: X + Y is a quotient map. 
Proof. (1): Let V C Y. If V is open then f~1(V) is open since f is continuous. Conversely, if 
f-1(V) is open in X then 
V=f(f"(V)) 
because f is surjective, and this is an open subset of Y since f is an open map. 


(2): Let L C Y. If L is closed then f~!(L) is closed since f is continuous. Conversely, if 
f—\(L) is closed in X then 


L= f(f“(L)) 


because f is surjective, and this is a closed subset of Y since f is a closed map. 
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Example 2.10.14. Let X = [0,1] in the subspace topology from R, and let Y = $1 be the 
circle in the subspace topology from R?. Let 


f:[0.1j3s' 


be given by f(t) = (cos(2zt), sin(27t)). It is clearly continuous and surjective. It can also be 
shown to be closed (most easily using compactness, later), hence is a quotient map. It is not 
open, since U = [0,1/2) is open in [0,1], but the image f(U) is not open in S$!. 

Define an equivalence relation ~ on [0,1] by s ~ t if and only if f(s) = f(t). The equivalence 
classes for this relation are [0] = [1] = {0,1} and [t] = {t} for 0 < t < 1. We get an induced 
bijection 

h: [0,1]/~ > s! 
and f = hom. (We might also write 0 ~ 1 for this equivalence relation.) Then h is a 
homeomorphism from [0,1]/~ with the quotient topology from [0,1] to S' with the quotient 
topology from [0,1], which equals the subspace topology from R?. 


Example 2.10.15. Let X = [0,1] x [0,1] be a square in the subspace topology from R x R = 
R?, and let Y = S$! x S$! in the product topology, which equals the subspace topology from 
R? x R? = R*. We call Y a torus. Let 


g2/0,1] * [0,4] =" xs" 


be given by g(s,t) = (cos(27s), sin(27s), cos(27t), sin(27t)). This is the product f x f of two 
copies of the quotient map f: [0,1] + S1 discussed above. 
The function g is continuous and surjective. It is also closed, hence a quotient map, and 
induces a homeomorphism 
h: (0,1) x [0,1])/~ > Ss? x 8? 
where ~ is the equivalence relation given by (s,t) ~ (s’,t’) precisely if g(s,t) = g(s’,t’). The 
equivalence classes of this relation are the 4-element set 


{(0,0), (0,1), (1,0), (1, 1}, 
the 2-element sets 
{(s,0),(s,1)} and {(0,t), (1,4), 
and the singleton sets (s,t), for 0 < s,t<1 
In this way the torus St x S! is realized, up to homeomorphism, as a quotient space of 


the square [0,1] x [0,1], with respect to the equivalence relation ~ generated by the relations 
(s,0) ~ (s,1) and (0,t) ~ (1,¢) for all s,t € [0, 1]. 


Example 2.10.16. Let 
D® = {x ER" | |[2|| < 1} 


the unit disc in R”. Its boundary 0D" = Cl(D") — Int(D") = S"~1 is the unit sphere. The 
stereographic projection f: 5” — {N}— R” restricts to a homeomorphism 


fo: D™ =) D” 


where 
D® = {x = (a71,...,2n,y) € S” | y < OF 


is the lower hemisphere of S”. Similarly, 
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is the upper hemisphere. We can map 


q: D® — Ss” 
by 
(1, +++, &n,y) = (8@1,...,8%n,2y +1), 
with s > 0 characterized by s?(a2j +---+ a2) +(2y +1)? =1. Then q is continuous, identifies 


S"-1 c D® to N € §”, and is otherwise bijective. Using compactness we can show that q is 
closed, hence a quotient map. We obtain homeomorphisms 


D"/s"-) — Dr/sr-! = 8”. 


Example 2.10.17. Let X = R and Y = {n, z,p}. Define f: X > Y by 


n ifa <0, 
f(a)=42z ifx=0, 
p ifa>Q0. 


The quotient topology on Y from R is the collection 


{2, {n}, {p}, {n, P}, Y} : 


It is a non-Hausdorff topology, where z is the only closed point. 


Example 2.10.18. Let X = Rx Rand Y = R. Let 7: R xR —- R be the projection 
m1(x,y) = x. Then 7 is continuous and surjective. It is an open map, since for each basis 
element B = U x V C Rx R for the product topology, with U,V Cc R open, the image 
m™1(B) = U is open in R. Hence 7 is a quotient map. 

It is not a closed map, since the hyperbola 


C={(z,y)EeRxR|ary=1} 


is a closed subset of R x R, but 71(C’) = R — {0} is not closed in R. To see that C is closed, 
use the continuous function m: R x R > R taking (x,y) to ry, and note that C = m71(1) is 
the preimage of the closed point {1}. 


Example 2.10.19. Let A = CU {(0,0)} be a subspace of X = R?, and consider the restricted 
map f = 7™|A: A—> R. It is continuous and surjective (even bijective), but not a quotient map. 
For {0} is not open in R, but its preimage f~!(0) = {(0,0)} is open in the subspace topology 
on A. 


Theorem 2.10.20. Let f: X > Y be a quotient map, let BC Y and A = f-1(B) Cc X be 
subspaces, and let g: A— B be the restricted map. 


(1) If A is open (or closed) in X, then g is a quotient map. 
(2) If f is an open map (or a closed map), then g is a quotient map. 


Proof. Consider the diagram 


g l(V) >A »X¢ U 
| 
V B Y f(U) 
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We first prove the identities 


for V Cc B, and 
g(ANU) = Bn fU) 


for U c X. It is clear that g~1(V) C f7!(V). Conversely, if x € f~'(V) then f(z) € V C B, 
so xz € f-!(B) =A, hence x € g7!(V). It is also clear that g(/ ANU) = f(ANU) C BN f(U). 
Conversely, if y€ BN f(U) then there is an x € U with f(x) = y. Since f(z) = y € B we get 
ze f-1(B) =A,sorze ANU. Hence ye f(ANU). 

Next, suppose that A is open. Given V C B with gi (V) open in A we want to prove that 
V is open in B. Since A is assumed to be open in X we know that g~1(V) = f~1(V) is open in 
X. Since f is a quotient map, V is open in Y. Hence V = BNV is open in B. (Same argument 
for A closed.) 

Finally, suppose that f is an open map. Given V C B with g~!(V) open in A we want to 
prove that V is open in B. There is an open subset U C X with g-!(V) = ANU. Then 


g(g*(V)) = g( ANU) = BN f(U). 


Here V = g(g~1(V)) since g is surjective, and f(U) is open in Y since f is assumed to be an 
open map. Hence V = BN f(U) is open in B. (Same argument for f a closed map.) 


Remark 2.10.21. The composite of two quotient maps f: X — Y and g: Y > Z is a quotient 
map gf: X > Z. 

The product of two quotient maps is in general not a quotient map. Some condition like 
local compactness is usually needed. 

The image of a Hausdorff space X under a quotient map f: X — Y needs not be a Hausdorff 
space. 


The quotient topology has a universal mapping property, somewhat dual to that of the 
subspace and product topologies. 


Theorem 2.10.22. Let f: X — Y be a quotient map, and Z any topological space. Let 
h: X > Z be a function such that h(x) = h(y) whenever f(x) = f(y). Then h induces a unique 
function g: Y > Z withh=gof. 


xX 
i 
Vision 


The induced function g is continuous if and only if h is continuous. Furthermore, g is a quotient 
map if and only if h is a quotient map. 


Proof. Each element y € Y has the form y = f(x) for x € X, since f is surjective, so we can 
(and must) define g(y) = h(a). 

If g is continuous, then so is the composite h = gof. Conversely, suppose that h is continuous. 
To prove that g is continuous, let V C Z be open. To prove that g~'(V) is open in Y it suffices 
to show that f~!(g7!(V)) is open in X, since f is a quotient map. But f~!(g7!(V)) =h7l(V), 
and h~!(V) is open in X by the assumption that h is continuous. 

If g is a quotient map, then so is the composite h = go f. Conversely, suppose that h is a 
quotient map. Then g is surjective, since any z € Z has the form z = h(x) = g(f(x)) for some 
xz € X. Lastly, let V C Z and suppose that g~'(V) is open. We must show that V is open. 
Now f~1(g7!(V)) = h71(V) is open, since f is continuous. Hence V is open, by the assumption 
that h is a quotient map. 
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Corollary 2.10.23. Leth: X — Z be a surjective, continuous map. Let ~ be the equivalence 


relation on X given by x ~ y if and only if h(x) = h(y), and let X/~ be the set of equivalence 
classes: 


X/w = {h1(z)| ze Z} 


Give X/~ the quotient topology from the canonical surjection 1: X > X/~. 
xX 
ae 
(i 
(1) The map h induces a bijective, continuous map g: X/~ > Z. 
(2) The map g: X/~ > Z is a homeomorphism if and only if h is a quotient map. 
(8) If Z is Hausdorff, then so is X/~. 
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Chapter 3 


Connectedness and Compactness 


3.1 (§23) Connected Spaces 


3.1.1 Sums of spaces 


Definition 3.1.1. Let C and D be topological spaces. Assume that CN. D = @. We then write 
CUD for the disjoint union C'U D. There are canonical inclusions 


io: C> CUD and ip: D3 CUD. 


The sum topology on C'LU D is the collection of subsets W C CUD such that CN W is open in 
C and DM W is open in D. It is the finest topology on C' Ui D for which both ic and tp are 
continuous. 


Remark 3.1.2. The disjoint union C'U D is also known as the coproduct of the two spaces C’ 
and D. It has a universal property dual to that of the product C x D. 


Each space X is homeomorphic to a disjoint union C'U D in some trivial ways, if C = @ or 
D=6. If X =CUD ina non-trivial way, with both C and D nonempty, then we say that X 
is disconnected. Otherwise, X is a connected space. 


3.1.2 Separations 


Definition 3.1.3. Let X be a topological space. A separation of X is a pair U, V of disjoint, 
nonempty open subsets of X whose union is X. The space X is said to be connected (norsk: 
sammenhengende) if there does not exist a separation of X. Otherwise it is disconnected. 


Remark 3.1.4. Being connected is a topological property. The empty space X = @ may 
require special care. Some authors make an exception, and say that it is not connected. The 
situation is similar to that of prime factorization, where the unit 1 has no proper factors in 
natural numbers, but is still not counted as a prime. 


Lemma 3.1.5. A space X is connected if and only if the only subsets of X that are both open 
and closed are @ and X itself. 


Proof. In a separation U, V of X, since UNV = @ and UUV = X we must have V = X —U. 
Asking that U and V are open is equivalent to asking that U is both open and closed. Asking 
that both U and V are nonempty is equivalent to asking that U is different from @ and X. 


Lemma 3.1.6. If U, V is a separation of X, then X ~UWUV is homeomorphic to the disjoint 
union of the subspaces U and V. 
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Proof. If W Cc X is open then UN W and VOW are open in the subspace topologies on U and 
V, respectively, so W is open in ULV. Conversely, if W is open in UU V, then UMW and 
V OW are open in U and V, respectively, hence are open in X, since U and V are open in X. 
Thus 

W=(UNW)U(VOW) 


is a union of open sets, hence is open in X. 


Lemma 3.1.7. If X =CUD with C and D nonempty, then C, D is a separation of X. 


Proof. It is clear that C’ and D are disjoint, nonempty subsets of X whose union equals X. 
To see that C is open in the disjoint union topology, not that CNC = C is open in C' and 
DNC = @ is open in D. Similarly, D is open in the disjoint union topology. 


Lemma 3.1.8. A separation of a topological space X is a pair of disjoint, nonempty subsets A 
and B whose union is X, neither of which contains any limit points of the other. (In symbols, 
AN B'=6 and A'NB=2.) 


Proof. If A and B form a separation of X, then A is closed, so A’ C A = A does not meet B. 
Similarly, B’ does not meet A. 

Conversely, suppose that A and B are disjoint, nonempty sets with union X, A’ B= 2 
and AN B’/ = @. Then AN B = @, since A= AU A’, so AC X —B=A, hence A = A is 
closed and B is open. Likewise, B is closed and A is open. Hence A and B form a separation 
of X. 


Example 3.1.9. Each 1-point space X = {a} is connected, since there are no proper, nonempty 
subsets. 


Example 3.1.10. Let X = {a,b} with the Sierpinski topology % = {@, {a}, X}. The proper, 
nonempty subsets of X are {a} and {b}, where the first is open and the second is closed, but 
neither is both open and closed. Hence X is connected. 


Example 3.1.11. Let X = [—1,0)U(0,1] be a subspace of R. Then U = [—1,0) and V = (0, 1] 
is a separation of X, so X is disconnected. 


Remark 3.1.12. We shall prove in the next section that R is connected, as is each interval 
la, bj, [a, b), (a, b] and (a,b) for -co< a<b<om. 


Example 3.1.13. Each subspace X C Q with at least 2 elements is disconnected: If p< qe X 
choose an irrational a € (p,q). Then U = XM (—c,a) and V = XM (a, ov) is a separation 
of X. We say that Q is totally disconnected. 


3.1.3 Constructions with connected spaces 


Lemma 3.1.14. If U and V form a separation of X, and A is a connected subspace, then 
ACU orACY. 


Proof. The intersection AMU is open and closed in A. Since A is connected, ANU is empty 
or all of A. In the first case, A C V. In the second case, A C U. 


Theorem 3.1.15. The union of a collection of connected subspaces of X, that all have a point 
in common, is connected. 
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Proof. Let {Aa}acy be a collection of connected subspaces of X, let p € (yey Aa, and let 
Y = Uses Aa. To show that Y is connected, suppose that Y = U UV is a separation of Y. 
Then p € U or p € V. Suppose, without loss of generality, that p © U. For each a € J the 
connected space Aj is contained in U or in V. Since p € Aq and p ¢ V we must have Ay CU. 
This holds for each a, hence Y C U. This contradicts the assumption that V is nonempty. 


Theorem 3.1.16. The product of two connected spaces is connected. 


Proof. Let X and Y be connected. By hypothesis X x {y} = X and {x} x Y = Y are connected, 
for alla € X andy € Y. Choosea€ X and b€ Y. For each y € Y the space 


Cy =X x {y}Uf{a} x Y 


is a union of two connected spaces with a common point, namely (a, y), hence is connected. It 
follows that 
Kx =| JC, 
y 


is also a union of connected spaces with a common point, namely (a, 6), hence is connected. 


Corollary 3.1.17. Any finite product X1 x --- x Xp, of connected spaces is connected. 


Proof. This is clear for n = 1, and we have just proved it for n = 2. The general case follows 
by induction on n, using the homeomorphism 


XX & Xn & (Xx ++ K Xn-1) X Xn- 


Theorem 3.1.18. Let AC BC A be subspaces of X. If A is connected then B is connected. 


Proof. Suppose that B = UUV is a separation. Since A is connected, we have AC U or AC V. 
Without loss of generality assume that A C U. Then B Cc AC U. Since U is closed in B, it 
equals its closure BNU in B. Combining B c U and U = BNU we deduce that B C U. This 
contradicts the assumption that V is nonempty. 


Theorem 3.1.19. The continuous image of a connected space is connected. 


Proof. Let f: X — Y be continuous, with X connected. We prove that the image space 
Z = f(X) is connected. Suppose that Z = UUV is a separation. Then f~!(U) and f~!(V) are 
disjoint, nonempty open subsets of X whose union equals X. This contradicts the assumption 
that X is connected. 


Lemma 3.1.20. Any map f: X — Y from a connected space X to a totally disconnected space 
Y (for example, a discrete space) is constant. 


Proof. Since X is connected and f is continuous, its image f(X) is a connected subspace of Y, 
hence consists of at most one point. This means that f is constant. 


Example 3.1.21. Consider the covering map 


p:R— S! 
t+—+ (cos(2zt), sin(27t)) . 
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If X is connected and f,g: X > R are two maps such that po f,pog: X — S' are equal, then 
either f(x) = g(x) for all x € X, or f(x) Z g(x) for alla ec X. 
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To see this, note that h(x) = g(x) — f(x) defines a map h: X > Z, where Z C R is discrete. 
Hence h is constant. If f(x) = g(x) for some x € X, then h = 0 everywhere and f(x) = g(x) 
for all x € X. Otherwise f(x) 4 g(x) for all x € X. We will return to covering spaces/maps in 
§53. 


3.2 (§24) Connected Subspaces of the Real Line 


We now use the existence of least upper bounds for nonempty, bounded subsets of R to prove 
that R is connected. 


Definition 3.2.1. A subset CC R is convex if for any two points a < b in C’ the closed interval 
[a, b] is a subset of Y. 


Example 3.2.2. The convex subsets of R are @, the intervals (a, 6), [a, b), (a, 6] and [a, b], the 
rays (—oo, b), (—0o, b], (a, co) and [a, oo), and R itself. 


Theorem 3.2.3. Each convex subset C C R is connected. 


Proof. Suppose that U, V is a separation of C’. Choose a € U and b € V. By symmetry we 
may assume that a < 6. Let A = [a,b] DU and B = [a,b] DV. Then A, B is a separation of 
[a,b], with a € A and b € B. Let c = supA be the least upper bound of the elements in A. 
Clearly a <c <b, since a € A and b is an upper bound for A. 

If c=a then A = {a}, contradicting the assumption that A is open in |a, )}. 

If c = b then there are points x € A arbitrarily close to b. Since A is closed we must have 
b € A, contradicting the assertion that AN B= ©. 

Otherwise a < c < b. Then (c,b] C B, since c is an upper bound for A. Hence there are 
points y € (c,b] C B arbitrarily close to c. Since B is closed, we must have c € B. Since B is 
open, there is an € > 0 with (c—e,c +e) C B. Then any zx € (c —«,c) is also an upper bound 
for A, contradicting the definition of c as the least upper bound. 

Each of the three cases leads to a contradiction. Hence no separation of C' exists, and C' is 
connected. 


Theorem 3.2.4 (Intermediate value theorem). Let f: X — R be a continuous map, where X 
is a connected space. If a,b € X are points, and r € R lies between f(a) and f(b), then there 
exists a pointc € X with f(c) =r. 


Proof. Suppose that f(X) C R— {r} = (—oo,r) U(r, oo). Then X is the union of the disjoint, 
nonempty subsets U = f~!((—oo,r)) and V = f~!((r,00)), each of which is open in X. This 
contradicts the assumption that X is connected. 


58 


3.2.1 Path connected spaces 


Definition 3.2.5. Given points x,y € X a path in X from x to y is a map f: [a,b] > X with 
f(a) =< and f(b) = y, where [a,b] C R. 

A space X is path connected (norsk: veisammenhengende) if for any two points x and y of 
X there exists a path in X from zx to y. 


Lemma 3.2.6. A path connected space is connected. 


Proof. Let X be path connected, and suppose that U and V separate X. Choose points « € U 
and y € V, and a path f: [a,b] — X in X from x to y. Then f~!(U) and f~!(V) form a 
separation of the connected space [a,b], which is impossible. 


Lemma 3.2.7. The continuous image of a path connected space is path connected. 


Proof. If g: X — Y is a map, any two points in f(X) can be written as g(x) and g(y) for 
x,y € X. Since X is path connected, there is a path f: [a,b] — X in X from zx to y. Then 
go f: [a,b] + Y is a path in f(X) from f(x) to f(y). Hence f(X) is path connected. 


Definition 3.2.8. A subset C of a real vector space V is convex if for each pair of points 
x,y € C the straight-line path f: [0,1] > V defined by 


f(t) = (1 —t)ax +ty 
takes all of its values in C. 


Example 3.2.9. Any convex subset of R” is path connected, since the path f is continuous. 
For example, the n-dimensional unit ball 


BY = {x ER" | |[z|| < 1} 
is convex for n > 0, hence path connected. 


Example 3.2.10. The punctured Euclidean space R” — {0} is path connected for n > 2. For 
n = 1, the space R! — {0} is not (path) connected. For n = 0 the space R° — {0} is empty, 
hence is path connected by convention. 


Example 3.2.11. The (n — 1)-dimensional unit sphere 
svt = {x ER" | ||z|] = 1} 


is the continuous image of g: R” — {0} > S$"! given by g(a) = x/|la||, hence is path connected 
for n > 2. For n = 1, the 0-sphere S° = {+1,—1} is not path connected. For n = 0, the 
(—1)-sphere S~! is empty, hence is also path connected, by convention. 


Example 3.2.12. Let 
S={(esin(l/e)) |0<a9< 1} 


be a subset of R?. It is the image of the connected space (0, 1] under the continuous map 
g(t) = (t, sin(1/t)), hence is connected. Therefore its closure S in R? is connected. This closure 


S=SUV 


is the union of S with the vertical interval V = {0} x[—1, 1]. The space S is called the topologist’s 
sine curve. 
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We show that $ is not path connected. Suppose that f: [a,b] > S is a map with f(a) €V 
and f(b) € S. The set of t € [a,b] with f(t) € V is closed, since V is closed in S$, hence has 
a greatest element c. The restricted function f\|[{c, b]: [c,b] > S is then a path in S starting in 
V and ending in S. By reparametrizing, we may replace [c,b] by [0,1]. We then have a map 
f: [0,1] > S with f(0) € V and f(t) € S for all t € (0,1). 

Write f(t) = (x(t), y(t)). Then x(0) = 0 and x(t) > 0 for all t € (0, 1]. We show that there is 
a sequence of points t,, € (0,1] with 0 < t, < 1/n and y(t,) = (—1)”. Then t, > 0 as n— o, 
but the sequence (y(tn))°2, = ((—1)")°2, does not converge. This contradicts the continuity 
of y. 

For each n we choose a v > 1/x(1/n) such that sin(v) = (—1)". Let u = 1/v, then 
0 = 2(0) <u < 2(1/n) and sin(1/u) = (—1)”. By the intermediate value theorem for x, there 
is a ty € (0,1/n) with x(tn) =u. Then y(t,) = (—1)”, as desired. 


3.3. (§25) Components and Local Connectedness 


Definition 3.3.1. Define an equivalence relation ~ for points in a topological space X by x ~ y 
if there is a connected subset C C X with x,y € C. The equivalence classes for ~ are called 
the (connected) components of X. 


Lemma 3.3.2. ~ is an equivalence relation on X. 


Theorem 3.3.3. The components of X are connected, disjoint subspaces whose union is X. 
Each nonempty, connected subset of X is contained in precisely one component. 


Proof. It is clear that the components are disjoint, nonempty subspaces whose union is X, since 
the components are the equivalence classes for an equivalence relation. If A C X is connected 
and meets two components C) and Co, in points 7; and x9, say, then 7] ~ x2, so Cy = C. 

To show that each component C' is connected, let x9 € C. For each x € C we have rp ~ 2, 
so there exists a connected subset Az with x9,x € Az. Then Az C C, so U,ze¢ Ax = C. Since 
all A, are connected, and all contain 20, it follows that the union is connected. 


Using the notion of connected components we can simplify the proof of the following theorem 
(which we already proved as Theorem 3.1.16). 


Theorem 3.3.4. A finite product of connected spaces is connected. 


Proof. Let X and Y be connected spaces. We show that any two points (x,y) and (a’,y’) in 
X x Y are in the same component. First, X x {y} is homeomorphic to X, hence is connected. 
So (x,y) and (x’,y) are in the same component. Next, {x’} x Y is homeomorphic to Y, hence is 
connected. So (a, y) and (z’, y’) are in the same component. The claim follows by associativity 
of ~. 

Given n connected spaces X1,..., Xn, the homeomorphism 


XX & Xp S (XK &K Xp) X Xn 


and induction on n shows that X, x --- x X, is connected. 


Remark 3.3.5. In fact, an arbitrary product of connected spaces is connected, in the product 
topology. 
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3.3.1 Path components 


Definition 3.3.6. Define another equivalence relation ~ for points in a topological space X 
by « ~ y if there is a path in X from x to y. The equivalence classes for ~ are called the path 
components of X. 


Lemma 3.3.7. ~ is an equivalence relation on X. 


Theorem 3.3.8. The path components of X are path connected, disjoint subspaces whose union 
is X. Each nonempty, path connected subset of X is contained in precisely one path component. 


Example 3.3.9. The topologist’s sine curve S = SUV is connected, hence consist of only one 
component. It has two path components, S and V. Note that S is open in S, but not closed, 
and V is closed in S, but not open. 


3.3.2 Locally connected spaces 


Definition 3.3.10. A space X is locally connected at a point x € X if for each neighborhood 
U of x there is a connected neighborhood V of x contained in U: 


rEVCUCKX 


We say that X is locally connected if it is locally connected at each of its points. 


Definition 3.3.11. A space X is locally path connected at a point x € X if for each neighbor- 
hood U of «x there is a path connected neighborhood V of x contained in U: 


rEVCUCKX 


We say that X is locally path connected if it is locally path connected at each of its points. 


Example 3.3.12. The real line is locally (path) connected, since each neighborhood U of any 
point x contains a (path) connected basis neighborhood (a — e,« + €) for some € > 0. 


Example 3.3.13. Any open subset 2 C R” is locally (path) connected, since each neighborhood 
U of any point x € 2 contains a (path) connected basis neighborhood By(z,«¢) for some ¢€ > 0. 


Example 3.3.14. The topologist’s sine curve is not locally (path) connected, since small neigh- 
borhoods of points in V are not connected. 


Theorem 3.3.15. If X is locally connected, then each component C' of X is open in X. 


Proof. Let x € C. Then U = X is a neighborhood of x, so by local connectivity there is a 
connected neighborhood V of « with V C U = X. Since V is connected, V C C. Hence C 
contains a neighborhood around each of its points, and must be open. 


Theorem 3.3.16. If X is locally path connected, then each path component P of X is open 
in X. 


Theorem 3.3.17. If X is a topological space, each path component of X lies in a unique 
component of X. If X is locally path connected, then the components and the path components 
of X are the same. 
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Proof. Each path component P is nonempty and connected, hence lies in a unique component 
C. If X is locally path connected we show that P =C. 

Let U be the union of the path components Q of X that are different from P and meet C. 
Since each such path component Q is connected, it lies in C, so that 


C=PUU 


is a disjoint union. Because X is locally path connected, each path component P or Q is open 
in X, hence so is the union U. Hence P is a nonempty, open and closed subset of C’. Since C 
is connected, it follows that P =C. 


3.3.3 The Jordan curve theorem 


The line segment 
(0, 1] x {0} Cc R? 


can be parametrized as an arc = simple curve. The complement R? — [0,1] x {0} is connected. 
The circle 
St CR 


can be parametrized as a simple closed curve. The complement R? — $1 has two connected 
components. The following is proved in 861. 


Theorem 3.3.18 (Jordan curve theorem). Let C C R? be a simple closed curve, i.e., a subspace 
homeomorphic to S'. Then R? — C has exactly two connected (path) components. 


Here C is closed in R? (this will follow from compactness), so Q = R? — C is open, hence 
locally path connected. Thus the components and path components of 2 are the same, and 
the theorem asserts that there are precisely two components: one bounded and one unbounded 
(containing a ‘neighborhood of infinity’). 


Theorem 3.3.19 (Arc theorem). Let A C R? be an arc, i.e., a subspace homeomorphic to 
[0,1]. Then R? — A is (path) connected. 


This is proved in §63. Note that it is not sufficient that A admits a simple (injective) 
parametrization by a half-open interval. The ‘closed topologist’s sine curve’ C’ C R? is obtained 
from S by connecting (1, sin(1)) € S to (0,-1) € V. There is a continuous bijection [0, 00) > C. 
However, R? — C is not (path) connected. 


3.3.4 Gaussian elimination 


Let 
M,(R) = {A = (41,3)? j=1 | i,j € R} 


be the space of n x n real matrices. Viewing a matrix A = (a1,...,Q@n) as an order n-tuple of 
column vectors in R", we can identify M,,(IR) with the Euclidean space 


(R")” =R"x---x R° LR” 


with the standard topology. The determinant function det: M,,(R) — R is given by a (degree n) 
polynomial in the entries (a;,;)?;_, of a matrix A € M,,(R), hence is continuous. 
Let 
GL,(R) = {A € M,,(R) | det(A) 4 0} 
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denote the space of n x n invertible real matrices. It is the preimage of the open subset 
R — {0} of R for the map det, hence is an open subspace of M,,(R) = R™. Since the image of 
det: GL,,(R) > R is R — {0} (for n > 1), which is disconnected, it follows that GL,,(R) is not 
connected. 

Let GL*(R) C GL,(R) and SL,(R) C GL,(R) be the subspaces of matrices A with 
det(A) > 0 and det(A) = 1, respectively. 


Proposition 3.3.20. GL;‘(R) and SL,,(R) are (path) connected. 


Proof. We use the method of row reduction to connect any given matrix A with det(A) > 0 to 
the identity matrix [,. For 1<i4Aj<nandr€R let 


1 0 0 0 

0 1 r 0 
Exj(r) = 

0 0 1 0 

Or cat Oo i Obes 


be the n x n elementary matrix, which differs from J, only in the (7, 7)-th entry, which is equal 
tor. Note that left multiplication by E;,;(r), sends A to the matrix E;,;(r)A obtained by adding 
r times the j-th row of A to the i-th row of A. This is one of the three standard row operations 
used in Gaussian elimination. Note that 


th Ei; (tr)A 


for t € [0,1] defines a path in GL,(R) from A to E;,;(r)A. Hence A and E;,;(r)A lie in the 
same path component of GL,(R). 

Another standard row operation is given by interchanging two rows. Instead, we will use 
the operation given by interchanging two rows, and reversing the sign of one of the rows. In 
the case n = 2, this amounts to left multiplication by the matrix 


0 1 
—-1 0} ° 
However, in view of the factorization 


C=C 1) G1) 


this left multiplication can be achieved by a series of three row operations of the previous kind. 
A similar argument, acting only on two of n rows, shows that if B is obtained from A by 
interchanging two rows are reversing the sign of one of them, then A and B lie in the same path 
component of GL,(R). 

Using these operations we can create a path that connects any invertible matrix A to a 
diagonal matrix of the form 


dy O ... O 
0 do... O 
D = diag(dj, d2,...,dn) = i of : : 
0 O. ... dp 
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where dj,...,d, are all nonzero. Furthermore, if d; and d; are negative, for « # j, we can 
interchange the 7-th and j-th rows twice, changing the signs each time, so as to replace d; by 
—d; and d; by —d;. We may therefore arrange that at most one of the diagonal entries is 
negative. Here 


det(D) = di dy aed dn, 


so if det(D) > 0 we have arranged that all of the diagonal entries are positive. In fact 
det(A) = det(D), since the row operations considered so far do not alter the determinant. 
So the assumption that det(A) > 0 precisely ensures that det(D) > 0, and we can conclude 
that dj,...,d, > 0. 

The final standard row operation is given by multiplying one row by a nonzero scalar r € 
R — {0}. Since R — {0} is not connected, we instead only allow the operation of multiplying 
one row by a positive scalar, r € (0,00). When acting on the i-th row, this operation is given 
by left multiplication by the diagonal matrix 


diag(1,...,1,7r,1,...,1) 
that only differs from J, in the (i,7)-th entry, which is equal to r. For r > 0 the path 
tr diag(1,...,1,(1-—t) +¢r,1,...,1)A 


for t € [0,1] connects A, within GL,(R), to the result of this row operation. Applying this 
to the i-th row with r = 1/d;, for each 1 < i < n, we have finally found a path in GL,,(R) 
connecting A with det(A) > 0 to the identity matrix. 

This proves that GL;*(R) is connected. Finally, there is a retraction 


g: GL*(R) — SL,(R) 
il 
At— ————A 
\/ det (A) 
from GL (R) onto the subspace SZ,(R), hence the latter is the continuous image of a path 
connected space, and is itself therefore path connected. 


It follows that any map from GZ;*(R) or SZ,(R) to a totally disconnected space (e.g. a 
discrete space) is constant. 
The proof of the complex case is easier, since C — {0} is path connected, and will be omitted. 


Proposition 3.3.21. GL,(C) and SL,(C) are (path) connected. 


3.4 (§26) Compact Spaces 


3.4.1 Open covers and finite subcovers 


Definition 3.4.1. A collection @ = {Uasaey of subsets of X is said to cover X, or to be a 
covering of X, if the union of its elements is equal to X, so X = U,-7 Ua. If each element in 
the collection is an open subset of X, then we say that @ is an open cover. 

A subcollection ZY Cc @ that also covers X is called a subcover of @. If ¥ C @ is a subcover 
with finitely many elements, then we call ¥ a finite subcover of @. In other words, this means 
that there is a finite subset {a1,...,Qn} C J with ¥ = {Ug,,...,Ug,, } and X = Ug, U---UUa,,. 


Definition 3.4.2. A space X is said to be compact if for each open cover @ = {Uahaes of X 
there exists a finite subcollection ¥ = {Uq,,...,Ua,} that also covers X. In other words, X is 
compact if each open cover of X contains a finite subcover. 
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Remark 3.4.3. Note that the word ‘finite’ in ‘finite subcover’ refers to the collection ¥ being 
finite, not that it elements are finite. On the other hand, the word ‘open’ in ‘open cover’ refers 
to the elements in @ being open, not that @ itself is open in some topology. 


Example 3.4.4. A finite topological space X is compact, since there are only finitely many 
different open subsets U C X, so any collection covering X is finite. 


Example 3.4.5. The real line R is not compact, since the open cover @ = {(n—1,n+1) | n € N} 
does not admit a finite subcover. 


Remark 3.4.6. From S. G. Krantz’ “Mathematical apocrypha”. 


There is a story about Sir Michael Atiyah (1929— ) and Graeme Segal (1941— ) giving 
an oral exam to a student at Cambridge. Evidently the poor student was a nervous 
wreck, and it got to a point where he could hardly answer any questions as all. 


At one point, Atiyah (endeavoring to be kind) asked the student to give an example 
of a compact set. The student said: “The real line.” Trying to play along, Segal 
said: “In what topology?” 


Example 3.4.7. The real line R in the trivial topology is compact, since the only open covers 
are the collections {R} and {@,R}, which are finite. 


Example 3.4.8. The subspace 
X = {0} U{1/n|neN} 


of R is compact. Given an open covering @ of X, choose U € @ with 0 € U. Since U is open in 
the subspace topology, there is an N € N such that 1/n € U for alln > N. For eachl<n<WN 
choose U, € @ with 1/n € U,. Then ¥ = {U,Uj,...,Un} is a finite subcover of @. 


Example 3.4.9. Any space X in the cofinite topology is compact. If X is finite, this is trivially 
true. Otherwise, if @ = {Ua}aes is an open cover, not all Uy can be empty. Choose a 8 € J 
so that Ug C X is nonempty. Then X — Ug = {21,...,%n} is a finite set. For each 7 choose an 
a; € J so that 7; € Ug,. Then {Ug,Uo,,...,Ua,} is a finite subcover of @. Since @ was an 
arbitrary open cover of X, it follows that X is compact. 


Definition 3.4.10. If A is a subspace of X, a collection F of subsets of X covers A if the 
union of the elements of ZY contains A. 


Lemma 3.4.11. Let A be a subspace of X. Then A is compact if and only if each covering 
of A by open subsets of X contains a finite subcollection covering A. 


Proof. Suppose that A is compact, and that ZY = {Ua}aecs is a covering of A by open subsets 
of X. Then @ = {AN Ua}acs is an open cover of A, hence contains a finite subcover F = 
{ANU q,,..-,; ANU, }. Then Y = {Ug,,...,Ua,,} is a finite subcollection of J that covers A. 

Conversely, suppose that each covering of A by open subsets of X contains a finite sub- 
collection covering A, and let @ = {Va}aey be an open covering of A. For each a € J we 
can write V, = ANU, for some open subset Uy C X. Then the collection J = {Uasaez is 
a covering of A by open subsets of X, which we have assumed contains a finite subcollection 
G = {Uo,,...,Ua,} covering A. Then ¥ = {Vq,,...,Vo,,} is a finite subcollection of @ that 
covers A. Since @ was an arbitrary open cover, it follows that A is compact. 
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3.4.2 Compact subspaces of Hausdorff spaces 


Theorem 3.4.12. Every closed subspace of a compact space is compact. 


Proof. Let A Cc X with A closed and X compact. Let J = {Ua}aes be any covering A by open 
subsets in X. The complement X — A is also open in X, so 


€ =DU{X — A} 


is an open cover of X. There exists a finite subcover ¥ C @ of X, which we may assume 
contains X — A, hence is of the form 


F = {Ua,,.--; Ulan, X — A} 
for some finite set of indices aj,...,@, € J. Then 


G = {Ug,,.--,U a, } 


is a finite subcollection of Y, and it covers A. Hence A is compact. 


Recall that finite subsets of Hausdorff spaces are closed. Compact subspaces generalize finite 
sets in this respect. 


Theorem 3.4.13. Every compact subspace of a Hausdorff space is closed. 


Proof. Let X be a Hausdorff space and let kK C X be a compact subspace. Let p € X — K be 
any point. We prove that p ¢ K, so that K = K is closed. 

For each point q € K we have p ¥ q, so there exist neighborhoods U, and V, of p and q, 
respectively, with Uy; Vz = ©. The collection {V, | q € K} of open subsets in X covers K, 
since 

Fee Ves 
qek 


By compactness of K, there is a finite subcollection {Vy,,..., Vg, } that also covers K: 
KCV=Vy,U-:-UV,, . 


Let U = Ug, N-+:-NUg,. Then U is neighborhood of p. We claim that UN K = 2, so p is not 
in K. In fact UNV = @, for if x € V then x € Vy, for some i, but then x ¢ Uy, so x ¢ U. 


The following lemma was established in the course of the previous proof. It serves as inspi- 
ration for the notions of ‘regular’ and ‘normal’ spaces, to be considered in §31 (The Separation 
Axioms). 


Lemma 3.4.14. If X is a Hausdorff space, K C X a compact subspace, and p€ X — K, then 
there exist disjoint open subsets U and V of X withpeU and Kk CV. 


Example 3.4.15. The intervals (a, 6], [a,b) and (a,b) are not closed in R, hence cannot be 
compact. We shall prove in the next section that each closed interval [a, 6] in R is compact. 


Example 3.4.16. If X is an infinite set with the cofinite topology, then any subspace has the 
cofinite topology, hence is compact, but not every subspace is closed. 


Theorem 3.4.17. The continuous image of a compact space is compact. 
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Proof. Let f: X — Y be continuous, and assume that X is compact. We prove that f(X) 
is a compact subspace of Y. Let @ = {Uahaes be a covering of f(X) by open subsets of 
Y. Then {f~!(Ua)}aey is an open cover of X. By compactness there exists a finite subcover 
AF Ua ecxegd “ag bs Vhen the sets? = 40g... U5, weaver F(X). 


Theorem 3.4.18. Let f: X — Y be a map from a compact space X to a Hausdorff space Y. 
(1) f is a closed map. 

(2) If f is surjective, then f is a quotient map. 

(3) If f is bijective, then f is a homeomorphism. 

(4) If f is injective, then f is an embedding. 


Proof. (1): Let A Cc X be a closed subset. Since X is compact, A is compact. Since f is 
continuous, f(A) is compact. Since Y is Hausdorff, f(A) C Y is closed. 

(2): Any closed, surjective map is a quotient map. 

(3): If f is bijective, the inverse function h = f~!: Y + X is continuous, since for each 
closed subset A C X the preimage h~1(A) = f(A) is closed in Y. 

(4): If f is injective, the corestriction g: X — f(X) is bijective, and f(X) is Hausdorff, so 
g is a homeomorphism. 


Example 3.4.19. The map R > {0} shows that the continuous preimage of a compact space 
needs not be compact. 


Definition 3.4.20. A map f: X — Y is said to be proper if for each compact subspace L Cc Y 
the preimage f~!(L) is compact. 


3.4.3 Finite products of compact spaces 


Theorem 3.4.21. Let X and Y be compact spaces. Then X x Y is compact. 
Corollary 3.4.22. Any finite product of compact spaces is compact. 


Lemma 3.4.23 (The tube lemma). Consider the product X x Y, letp € X, and assume that Y 
is compact. If NC X x Y is open, with {p} x Y CN, then there exists a neighborhood U Cc X 
ofp withU x Y CN. 


Proof. For each q € Y we have (p,q) € {p} x Y CN. Since N is open there is a basis element 
U, x Vz C N for the product topology on X x Y, with p € Uy open in X and q € V, open in 
Y. The collection {Vj}gey is an open cover of Y. By compactness of Y, there exists a finite 
subcover {Vg,,.--,Vg,}. Let U = Ug, 1--:Ug,. Then p € U is open in X. We claim that 
UxyY CN. For any (z,y) € U x Y there is an 1 <i <n with y € Vy,. Then x € U C Uj,, so 
(x,y) € Ug, x Va, CN. 


Example 3.4.24. The tube lemma fails if Y is not compact. Consider the neighborhood 
N= {(z,y) €Rx R| [xy] < 1} 


of {0} x R. 
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Proof of theorem. Let @ = {Wa}aeyz be an open cover of X x Y. For each point p € X, 
the subspace {p} x Y is compact, and is therefore covered by a finite subcollection F, = 
{Wa,,---,Woa,} of @. Let N = Wy, U---UWo,. Then N Cc X x Y is an open subset 
containing {p} x Y. By the tube lemma, there is a neighborhood U, C X of p with Upx Y CN. 
Note that U, x Y is covered by the finite subcollection ¥, of @. 

Now let p € X vary. The collection {U,},ex is an open cover of X, hence admits a finite 
subcover {Up,,.-.,Up,}. For each 1 < j < m the subspace Up, x Y is covered by the finite 
subcollection F,, of @. Hence the union 


m 
MXM S| py ek 
j=l 


is covered by the subcollection 
Fy, UU Fon 


of @. This is a finite union of finite collections, hence is a finite subcollection of @. Since @ 
was an arbitrary open cover, it follows that X x Y is compact. 


Example 3.4.25. In the next section we show that X = [0,1] is compact in the subspace 
topology from R. Hence for each n > 0 the n-fold product 


[0, 1)” = [0,1] x --- x [0,1] 
is compact. Note that we can embed [0,7] as a subspace of [0, 1]” 
fn: [0,n] — [0, 1]” 


by sending [i, i+1] to the edge from (1,...,1,0,0,...,0) (with z copies of 1) to (1,...,1,1,0,...,0) 
(with 2+ 1 copies of 1), for each 0 <i <n. In §37 we discuss the Tychonoff theorem, implying 
that also the infinite product 

(0, 1)” = J] J (0, 1] 


n>1 


is compact in the product topology. Including [0,1]” in [0,1]”, the paths above combine to an 
injective map 
foo: [0,00) —> [0, 1]*° 


with closed, hence compact, image K = f..([0,0o)). However, [0,00) is not compact, so fo is 
a continuous bijection from a non-compact space to a compact Hausdorff space. The resolution 
to this apparent paradox is that the product topology on [0,1]” restricts to a coarser topology 
on the subspace A than the topology that would make f,. a homeomorphism. 


3.4.4 The finite intersection property 


Let @ be a collection of open subsets of a space X. Let & = {X —U | U € @} be the collection 
of closed complements. To say that @ is a cover of X is equivalent to saying that & has empty 


intersection: 
()c=()e*-v=x-Uu 
CEé UECe UEE 


is empty if and only if X = Uyeg U- 
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Definition 3.4.26. A collection & of subsets of X has the finite intersection property if for 
each finite subcollection {C1,...,Cn} Cc & the intersection 


Cin: AC, 
is nonempty. 


Theorem 3.4.27. A topological space X is compact if and only if for each collection & of closed 
subsets of X, having the finite intersection property, the intersection (\ocge C is nonempty. 


Proof. “X is compact” is equivalent to the assertion: 


For any collection @ of open subsets of X, if @ covers X then some finite subcol- 
lection of @ covers X. 


This is logically equivalent to the contrapositive statement: 


For any collection @ of open subsets of X, if no finite subcollection of @ covers X, 
then @ does not cover X. 


Translated to a statement about the complementary collection of closed subsets &, this is 
equivalent to: 


For any collection & of closed subsets of X, if no finite subcollection of & has empty 
intersection, then & does not have empty intersection. 


In other words: 


For any collection & of closed subsets of X, if each finite subcollection of & has 
nonempty intersection, then & has nonempty intersection. 


3.5 (§27) Compact Subspaces of the Real Line 


Theorem 3.5.1. Each closed interval [a,b] C R of the real line is compact. 
(Here a,b € R, we are not considering infinite intervals. ) 


Proof. Let @ = {Ua}aes be a covering of [a,b] by open subsets of R. Consider the set S of all 
x € [a, 6] such that [a, x] can be covered by a finite subcollection of @. Then a € S, since a € Ug 
for some a € J, and then {U,} is a finite subcollection of @ that covers [a,a] = {a}. Hence S is 
nonempty and bounded above. Let c = sup S be the least upper bound of S. Clearly c € [a, 8]. 

We claim that c €¢ S. Choose 6 € J with ¢ € Ug. Since Ug is open there exists an € > 0 
with (c — €,c +) C Ug. Since the supremum c is in the closure of S, there is some point 
xe SN(c—e,c+e). Since c is an upper bound for S, x < c. Then [a,2] can be covered 
by a finite subcollection {Uq,,...,Ua,} of @, and [x,c] is contained in Ug. This implies that 
[a, c] = [a, x]U[«, c] is covered by the finite subcollection {Uo,,...,Ua,,Ug} of @, so that x € S. 

We also claim that c = b. Suppose that c < 6, to achieve a contradiction. Then there is a 
y € [a,b] N (c—€,c+ €) with c < y such that |a,y] is covered by the same finite subcollection 
{Ua,,-+-,Uan,,Ug}. Hence y € S, contradicting the assumption that c is an upper bound. 


Example 3.5.2. The surjective map f: [0,1] > $1 given by f(t) = (cos(27t),sin(27t)) is a 
quotient map, since (0, 1] is compact and S$! C R is Hausdorff. Similarly for f x f: [0,1] x [0,1] > 
Si 
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Theorem 3.5.3 (Heine-Borel theorem). A subspace A of R” is compact if and only if it is 
closed and bounded (in any of the equivalent metrics coming from a norm). 


Proof. Since [a,b] C R is compact, any finite product 
(a1, by] » rr 4 [an, bp] c R” 


is compact, as is any closed subset A of such a finite product. (These are the bounded subsets 
in the square metric.) 
Conversely, the collection of open subsets 


Um =(-—M,M) x--- x (—M,M) c R” 


for M € N has union R”, so if A is compact then there is a finite subcollection {Uyy,,..., Um, } 
of these that covers A. Let M = max{Mj,...,M,}. Then A C Uy, is bounded. Since R” is 
Hausdorff we must also have that A is closed. 


Theorem 3.5.4 (Extreme value theorem). Let f: X — R be continuous, with X compact. 
Then there exist points c,d € X with 


fle) < f(x) < fd) 
for allxae xX. 


Proof. The continuous image f(X) C R is compact, hence closed, so contains both its infimum 
and its supremum. Writing these values as f(c) and f(d), we get the conclusion. 


3.5.1 The Lebesgue number 


Definition 3.5.5. Let (X,d) be a metric space and let A C X be a nonempty subset. For each 
x € X the distance from x to A is 


d(x, A) = inf{d(x,a) | ae A}. 


The diameter of A is 
diam(A) = sup{d(a, b) | a,b € A}. 


Lemma 3.5.6. The function x ++ d(x, A) is continuous. 
Proof. Let x,y € X. By the triangle inequality, 
d(x, A) < d(x, a) < d(z,y) + dy, a) 


for all a € A, so 
d(x, A) — d(x,y) < inf{d(y, a) | a € A} = d(y, A) 


and 


|d(x, A) — d(y, A)| < d(x, y) 


by symmetry in x and y. Hence x+> d(z, A) is continuous. 


Lemma 3.5.7. Let @ be an open cover of a compact metric space (X,d). There exists ad > 0 
such that for each subset B C X of diameter < 6 there exists an element U € © with BCU. 
The number 6 is called a Lebesgue number of @. 
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Proof. If X € @ then any positive number is a Lebesgue number for @. Otherwise, by com- 
pactness there is a finite subcollection {Ui,...,Un} of @ that covers X. Let C; = X — U; 
be the closed complement; each C; is nonempty. To say that x € U; is equivalent to saying 
d(x,C;) > 0, since d(x, C;) = 0 if and only if x € Cj. 

Define f: X — R as the average 


n 
fz) =— ode). 

i=1 
Claim: f(x) > 0 for all x € X. Proof: For any given x € X there is an i with x € U;. Since U; 
is open, there exists an € > 0 with Ba(x,e) C U;. Then d(x,C;) > €. Hence f(x) > €/n > 0. 

Since f is continuous, it has a positive minimum value 6. Claim: 6 is a Lebesgue number 

for {U;,...,U,}, hence for @. Proof: Let B Cc X have diameter < 6. There is only something 
to prove for B nonempty; choose a point p € B. Then B C Ba(p,d). Consider the numbers 
d(p, C;) for 1 <i <n. Choose m so that d(p, Cm) is the largest of these numbers. Then 


6 < f(p) < d(p,Cm) 


so Ba(p,6) NCm = 2. Hence B C Ba(p,6) C Um. 


3.5.2 Uniform continuity 


Definition 3.5.8. Let f: (X,d) — (Y,d) be a function between metric spaces. We say that 
f is uniformly continuous if given e > 0 there exists a 6 > 0 such that for any two points 
x, x’ € X with d(x, x’) < 6 we have d(f(x), f(x’)) < €, or equivalently, if for any « € X we have 


f (Bala, 6)) C Bal f(x), €). 


Theorem 3.5.9. Let f: (X,d) — (Y,d) be a continuous map om metric spaces. If X is compact 
then f is uniformly continuous. 


Proof. Given € > 0 cover Y by the balls Ba(y, €/2) and let 


6 ={f-'(Baly, €/2))}yey 


be the open covering of X by the preimages of these balls. Choose a Lebesgue number 6 > 0 
for this open covering. If x,a’ € X with d(x,x’) < 6 then {2,2'} C f~!(Ba(y, €/2)) for some 
y €Y, hence {f(x), f(a’)} C Baly,€/2). Thus d(f(x), f(a")) < d(f(z),y) + dy f(x’) <e. 


3.5.3 The Gram—Schmidt process 


Let A? = (a;,i)7,;-1 denote the transpose of a matrix A = (aj,j)7;~1, and let 
On ={A€ M,(R) | ATA=T} 


be the space of n x n orthogonal matrices. (The notation O(n) is also commonly used.) Here 
(A? A);,; = ai-a; is the dot product of the i-th and the j-th column vectors of A = (a1,.--, Qn), 
so the condition A’ A = I asserts that the a; are pairwise orthogonal, each of unit length. Note 
that A? A = I implies det(A)? = 1, so each orthogonal matrix is invertible and O,, C GL, (R). 
Let 

SO, ={A€O,, | det(A) = 1} 


(also denoted SO(n)) be the space of special orthogonal matrices. For example, SOz is the space 
of rotations of the plane, and SO3 is the space of rotations of R®. The determinant restricts to 
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a map det: O, > {+1}, where {+1} is discrete, so SO, is the preimage of the open and closed 
point 1 © {+1}. Hence SO, is open and closed in O,. For n > 1 the image of det on Op, is 
disconnected, hence O, is not connected. 

The rule A+>+ A’ A defines a continuous function M,,(R) + M,(IR), since each component 
a; - a; is a (2nd order) polynomial in the entries of A. Hence O, C M,,(R) is the preimage of 
the closed point J € M,,(R). It follows that O, is a closed subspace of M,,(IR), as well as of 
GL,(R). Hence SO,, is also closed in GL,(R) and M,,(R). 

Let S”-! C R” be the subspace of unit vectors. It is clearly closed and bounded, hence 
compact. Since each column vector of A has unit length, we have an inclusion 


One SO one 
At+ (a1,...,Qn) 
Here S"-! x --- x $"71 is a product of n compact spaces, hence is compact. It follows that the 
space O,, of orthogonal matrices is a closed subspace of a compact space and is therefore itself 


compact. Furthermore, SO,, is a closed subspace of O,,, and is therefore also compact. 
The Gram—Schmidt orthogonalization process defines a retraction 


gs: GL,(R) — On. 


Here A = (a1,...,Qn) € GEpn(R) is sent to gs(A) = B = (f1,...,62) € On, where 8, = 
a1/|/a1||, is the normalization of a1, 82 is the normalization of a2 — (a2 -61)61, etc. The matrix 
B depends continuously on A, and if A was orthogonal to start with, then B = A. This process 
does not change the sign of the determinant, so gs restricts to a retraction 


gs: SL,(R) — SO,. 


We showed earlier that SZ,,(R) is (path) connected. From this it follows that SO, is connected. 
The spaces SO, are fundamental examples of connected compact Lie groups. As spaces, we 
can identify SO_ with the circle $1, while SO3 is homeomorphic to the projective space RP? 
of lines through the origin in R*. 
A similar discussion applies for matrices with complex entries, leading to the spaces U, C 
GL,(C) of unitary matrices, and their subspaces SU, C U,, of special unitary matrices, all of 
which are examples of connected compact Lie groups. Here U; & S', while SUz & S°. 


3.6 (§28) Limit Point Compactness 


Definition 3.6.1. Let (a7)°°., be a sequence of points in X. If 
NK ng <r SNK... 
is a strictly increasing sequence of natural numbers, the sequence 


Ln1>Ung7+++>Enps- 


is called a subsequence of (a)°21. It is a convergent subsequence if tn, + pas k — ov, for 
some pe X. 


Definition 3.6.2. A space X is sequentially compact if every sequence (x,,)°°, in X has a 
convergent subsequence (ap, )7°1- 


Theorem 3.6.3. Let X be a metrizable space. Then X is compact if and only if X is sequentially 
compact. 
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Proof. (Munkres first proves that compact spaces are ‘limit point compact’, and then proves 
that metrizable limit point compact spaces are sequentially compact. We give a direct proof of 
the composite implication, compact => sequentially compact for metrizable spaces.) Consider 
any sequence (%)°°, in X. For each n > 1, let 


An = {Lm |m > n} 


be the set of points in the subsequence obtained by omitting 71,...,2%,—-1 from the sequence, 
and let 
Cn = An 


be the closure (in X) of this set. Here 


Cy DCoD-::- DCD... 


and each C;, # @, so no finite intersection of the collection & = {C,}°°, is empty. By the finite 
intersection property of the compact space X we can choose a point 


[oe) 
pE () Ca, 
n=1 
since this intersection is nonempty. For each k we have p € Cy = Ax, so Ba(p,1/k) N Ay A @ 
and we can choose an index n, > k with x», € Ba(p,1/k). We then have 
Ln, — P as k > oo. 


As chosen, the sequence 
Ny Sng Ss Sm <... 


may not be strictly increasing, but since nz, > k for each k there are at most finitely many 
repetitions of each value, so we can delete any repetitions and renumber, so as to obtain a 
genuine convergent subsequence (%p,)72, of (&n)?24. 


The proof of the implication sequentially compact = > compact remains. First we show 
that if X is sequentially compact then the Lebesgue number lemma holds for X: 


Lemma 3.6.4. Let @ be an open cover of a sequentially compact metric space (X,d). Then 
there exists ad > 0 such that for each subset B C X of diameter < 6 there is an element U € @ 
with BCU. 


We assume that no such 6 exists, and achieve a contradiction. For each n € N there is a 
set B, of diameter < 1/n that is not contained in any element of @. Choose x, € By. By the 
assumed sequential compactness, the sequence (x,,)°2., has a convergent subsequence (Xp, )7?21, 
with (nz)?2, a strictly increasing sequence. Let p € X be its limit: 7, — p as k — oo. There 
isan U € @ with p € U. Since U is open, there is an e > 0 with Bg(p,e) C U. For k sufficiently 
large we have 1/n, < €/2 and d(tp,,p) < €/2. Then Bp, lies in the €/2-neighborhood of zp,, 
hence in the e-neighborhood of p: 


Bn, C Ba(atn,,€/2) C Ba(p,e) CU 


This contradicts the choice of B,,, not being contained in any element of @. 

Next we show that if X is sequentially compact then it is totally bounded: 
Lemma 3.6.5. Let (X,d) be sequentially compact. For each € > 0 there exists a finite covering 
of X by e-balls. 
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Assume that for some € > 0 there is no finite covering of X by e-balls, to reach a contra- 
diction. Construct a sequence (%,)?°, as follows. Choose any point 21 € X. Having chosen 
X1,---,%m, note that the finite union 


Ba(x1, €)U-+-U Ba(2n, €) 


is not all of X, so we can choose %p+1 in its complement, and continue. By construction, 
AU(%m,Xn) > € for allm # n, so (ap)°2, does not contain any convergent subsequence. This 
contradicts sequential compactness of X. 

We can now finish the proof of the theorem. Let (X,d) be sequentially compact. To prove 
that X is compact, consider any open cover @ of X. It has a Lebesgue number 6 > 0. Let 
e€ = 0/3. Choose a finite covering of X by e-balls. Each e-ball has diameter < 2€ < 6, hence is 
contained in an element of @. Hence X is covered by finitely many of the elements of @, so @ 
has a finite subcover. 


3.7 (§29) Local Compactness 


We have seen that the closed subspaces of a compact Hausdorff space are the same as the 
compact subspaces. We shall now consider a condition satisfied by the open subspaces of 
compact Hausdorff spaces. 


Definition 3.7.1. A space X is locally compact at x if there is a compact subspace C’ of X 
that contains a neighborhood V of a: 


rEeVCcCcxXx 
It is locally compact if it is locally compact at each of its points. 
Example 3.7.2. Any compact space is locally compact. (Take V = C = X.) 


Example 3.7.3. The real line R is locally compact. Each point x € R is contained in the 
compact subspace C' = [a — 1,2 + 1], which contains the neighborhood V = (# — 1,2 +1). 


Example 3.7.4. The set of rational numbers Q, in the subspace topology from R, is not 
locally compact. Any subset C Cc Q containing a basis neighborhood QN (a — €,x + €) cannot 
be compact. For instance, choosing an irrational number a € (# — €,x + €) the real function 
f(t) = (t — a)? is continuous on C and takes arbitrarily small positive values, but is never zero. 
By the extreme value theorem, C' cannot be compact. 


Example 3.7.5. Euclidean n-space R” is locally compact. Each point (21,...,¢%n) € R” is 
contained in the compact subspace 


C = [a1.—-1,a1 +1) x---x [an — lant 1], 
which contains the neighborhood 
V = (a1-—1,41+1)x 4 (fn —1,¢,4+1). 


Example 3.7.6. The countably infinite product RY is not locally compact. Any neighborhood 
V of 0 = (0)P°., contains a basis neighborhood 


(—e,€) X-++ x (-e,e)X Rx--- x RX... 
for some € > 0. If V were contained in a compact subspace C’, then the closure 
[—e,e] x --- x [-e,e] x Rx +--+ x Rx... 


of the basis neighborhood would be compact, which it is not. 
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3.7.1 The one-point compactification 


The Gauss sphere is the model S? for CU{oo}. We now discuss how to give CU {oo} a topology 
homeomorphic to $7, in a way that generalizes from C to all locally compact Hausdorff spaces. 


Definition 3.7.7. Let X be a locally compact Hausdorff space. Let Y = X U {co} where 
oo ¢ X. Give Y the topology % consisting of 


(1) the open subsets U Cc X, and 
(2) the complements Y — C of compact subsets C Cc X. 
We call Y the one-point compactification of X. 


Theorem 3.7.8. Let X be a locally compact Hausdorff space. The one-point compactification 
Y = XU {co} is a compact Hausdorff space, X C Y is a subspace, and Y — X consists of a 
single point. 


Proof. We first prove that the given collection % is a topology on Y. The empty set is of 
type (1) and Y is of type (2). To check that the intersection of two open sets is open, there are 
three cases: 


U,NU,C X 
(Y — Cy) N(Y — Cy) =Y—-—(CL UC) 
UN (¥ — C2) =U N (X — C2) 
These are of type (1), (2) and (1), respectively, since C, UC) is compact (Exercise!) and X — C 
is open, since X is assumed to be Hausdorff. 


To check that the union of a (nonempty) collection of open sets is open, there are three 
cases: 


i Uearex 

acd 
LJ W-Cs)=Y-()Cg=Y-C 
Bek Bek 


UU SOVSyYs(G=v) 


These are of type (1), (2) and (2), respectively, since C = Neck Cg C X is a closed subspace 
of some compact space Cg, hence is compact, and C'— U is a closed subspace of C’, hence is 
compact. 

Next we show that X C Y is a subspace: The open sets in the subspace topology are of the 
form XV where V is open in Y. If{V =U C X is of type (1), then X NV =U is open in X. 
If V = Y —C is of type (2), then X NV = X — C is open in X since C C X is compact, hence 
closed, in the Hausdorff space X. Conversely, if U C X is open, then U is open of type (1) in 
¥. 

To show that Y is compact, let @ be an open cover of Y. Some element V € @ must 
contain oo ¢ X, hence be of the form V = Y —C. The collection @ of open subsets of Y covers 
the compact space C,, so there is a finite subcollection {U;,...,Un} C @ that covers C. Then 
F ={V,Uj,...,Un} is a finite subcover of @. 

To show that Y is Hausdorff, let x,y € Y. If both lie in X, then there are open subsets 
U,V CX witha €e U,yEV,UNV =f. Then U and V are also open and disjoint in Y. 
Otherwise, we may assume that 7 € X and y = oo. Since X is locally compact at x there exists 
a compact CC X containing a neighborhood U of x. Let V = Y —C. Thenx €U,o €V,U 
and V are open in Y and UNV=2%. 
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Here is a converse. 


Proposition 3.7.9. Let X CY be a subspace of a compact Hausdorff space, such that Y — X 
consists of a single point. Then X is locally compact and Hausdorff. 


Proof. As a subspace of a Hausdorff space, it is clear that X is Hausdorff. We prove that it is 
locally compact. Let « € X and let y be the single point of Y — X. Since Y is Hausdorff, there 
are open sets U,V CY witha €U,yEV,UNV=2@. Let C=Y —V. It is a closed subset 
of a compact space, hence compact. Thus « € U C CC X, as required for local compactness 
at x. 


There is also the following uniqueness statement, which justifies why we say “the one-point 
compactification”, not just “a one-point compactification” . 


Proposition 3.7.10. Let X be locally compact Hausdorff, with one-point compactification Y = 
X U {oo}, and suppose that Y' is a compact Hausdorff space such that X CY" is a subspace 
and Y'— X is a single point. Then the unique bijection Y’ — Y that is the identity on X is a 
homeomorphism. 


Proof. It suffices to prove that the bijection f: Y’ — Y is continuous, since Y’ is compact 
and Y is Hausdorff. An open subset of Y is of the form U or Y — C, with U C X open and 
C c X compact. The preimage f~!(U) = U is then open in X, hence also in Y’, since X 
must be open in the Hausdorff space Y’ because its complement is a single point. The preimage 
f-\(Y — C) = Y’ —C will also be open in Y’, because C is compact and Y’ is Hausdorff, so 
C CY’ is closed. 


Example 3.7.11. The one-point compactification of the open interval (0,1) is homeomorphic 
to the circle $1. This follows from the uniqueness statement above, and the homeomorphism 


f+ (0,1) + S" — {(1,0)} 
given by f(t) = (cos(2zt), sin(2at)). The closed interval [0,1] is a different compactification of 
(0,1), with [0,1] — (0,1) = {0,1} consisting of two points. 
Since (0,1) = R, the one-point compactification of R is also homeomorphic to the circle: 
RU {oo} = $1 
Example 3.7.12. The one-point compactification of the open unit n-ball 
B(,1) = {@ ER" | ell <1} 
is homeomorphic to the n-sphere S”. The closed n-ball 
D® = B(0,1) = {e ER" | |jall < 1} 


is a different compactification, with B(0,1) — B(0,1) = $"~! consisting of the (n — 1)-sphere. 
Since B(0,1) = R”, the one-point compactification of R” is also homeomorphic to the n- 
sphere: 
R”U {co} = S” 
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3.7.2 The local nature of local compactness 


For Hausdorff spaces, the property of being locally compact is a local property in the following 
sense. 


Theorem 3.7.13. Let X be a Hausdorff space. Then X is locally compact if and only if for 
each point x € X and each neighborhood U of x there is a neighborhood V of x with compact 
closure V contained in U: 

rEeVcVcU 


Proof. The stated property implies local compactness at x, by taking U = X and C= V. 

For the converse, suppose that X is locally compact (and Hausdorff), and let x €¢ UC X 
be a neighborhood. Let Y = X U {oo} be the one-point compactification, and let K = Y —U. 
Then Kk C Y is closed, hence compact. Since Y is Hausdorff and x ¢ K we can find open 
subsets V,W CY withza2eV, K CW and VOW =@. Then o € K CW,soW =Y —C for 
some compact C Cc X. Hence x € V C C CU with V open and C compact. Hence V is also 
compact. 


Corollary 3.7.14. Let X be locally compact Hausdorff. If A C X is an open or closed subspace, 
then A is locally compact. 


Proof. Suppose that A is open in X. Let x € A. By the previous theorem there is a neighbor- 
hood V of x with V compact and V C A. This shows that A is locally compact at 2. 

Suppose instead that A is closed in X. Let x € A. Since X is locally compact there is a 
compact subspace C Cc X that contains a neighborhood V of «. Then AMC is closed in C, 
hence compact, and contains the neighborhood AN V of « in the subspace topology on A. 


Corollary 3.7.15. A space X is homeomorphic to an open subspace of a compact Hausdorff 
space if and only if X is locally compact and Hausdorff. 


Proof. If X is an open subspace of a compact Hausdorff space, then X is locally compact by 
the corollary above, and obviously Hausdorff. The same applies if X is homeomorphic to such 
an open subspace. 

Conversely, if X is locally compact and Hausdorff then X is an open subspace of its one-point 
compactification Y = X U {oo}, which is compact Hausdorff. 
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Chapter 4 


Countability and Separation Axioms 


We have seen the first countability axiom (each point has a countable neighborhood basis) and 
the Hausdorff separation axiom (two points can be separated by disjoint neighborhoods). 

Our aim is to prove the Urysohn metrization theorem, saying that if a topological space X 
satisfies a countability axiom (it is second countable) and a separation axiom (is it regular), 
then we can construct enough continuous functions X — R to embed X into a metric space, so 
that X is metrizable. 


The Hausdorff property, the first and second countability axioms, and the term ‘metric 
space’ were introduced in ‘Grundztige der Mengenlehre’ by Felix Hausdorff, published in 1914. 
Hausdorff, together with his wife and her sister, committed suicide in January 1942, when they 
and other Jews in Bonn were ordered to move to the Endenich camp. 

Paul Urysohn proved his lemma and metrization theorem in 1923 or 1924. The results were 
published posthumously, after Urysohn drowned when swimming off the coast of Brittany in 
August 1924. 


4.1 (§30) The Countability Axioms 


It may be a good idea to look through §7 on Countable and Uncountable Sets, if this material 
is unfamiliar. 


Definition 4.1.1. A set C is countable if there is a surjection f: N > C. Otherwise C is 
uncountable. Finite sets are countable. A set is countably infinite if it is countable but not 
finite, or equivalently, if there is a bijection g: NC. 


Theorem 4.1.2. (a) A quotient set of a countable set is countable. 
(b) A subset of a countable set is countable. 
(c) A finite or countable union of countable sets is countable. 
(d) A finite product of countable sets is countable. 
(e) The set Q of rational numbers is countable. 


Theorem 4.1.3 (Cantor’s diagonal argument). (a) A countable product of sets with 2 or more 
elements each is uncountable. 
(b) The set R of real numbers is uncountable. 


Proof. (a) Let 2 = {0,1}. We show that X = 2” = {0,1}% is uncountable. Write an element of 
X as a sequence 
PS (Bi Bot sponses) 
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with each x, € {0,1}. Consider any function f: N — X. For each m € N we have 


f(m) = (Fm), Fm)a,-.-, f(m)ns +++) 
with f(m), € {0,1}. Let y € {0,1}” be the sequence given by 
7 fi if f(n)n =1, 
" )1~ if f(n), = 0. 
Then y is not in the image of f, because if y = f(m) then ym = f(m)m and we chose y so that 


Ym # f(m)m. In particular, f is not surjective. 
(b) This follows from (a), e.g. by consideration of binary expansions of real numbers. 


4.1.1 First-countable spaces 


Definition 4.1.4. A space X has a countable basis at x if there is a countable collection 
B, = {B,, | n € N} of neighborhoods of x such that each neighborhood U of x contains at least 
one of the elements of &;: 

ceEB, CU. 
A space having a countable basis at each of its points is said to satisfy the first countability 
axiom, or to be first-countable. 


Every metric space (X,d) is first-countable, since the collection {Bg(xz,1/n) | n € N} isa 
countable basis at x, for each x € X. The fact that Bg(z,1/n) D Ba(x,1/n + 1) is typical of 
the general case. 


Lemma 4.1.5. If X has a countable basis at x then it has a nested countable basis at x, 1.e., 
a descending sequence 


/ / / 
12 Byd:-:-D B,D... 


of neighborhoods, such that each neighborhood U of x contains Bi, for all sufficiently large n. 


Proof. Given a countable basis {B,}, at x, let 


B= BiNBen-::-N Br 


for each n > 1. 


The following results, which we proved in §21 for metric spaces, also hold for all first- 
countable spaces. 


Theorem 4.1.6. Let X be a first-countable space. 
(a) Let AC X. Ifx€ A then there is a sequence (an)°~1 of points in A converging to x. 
(b) Let f: X — Y. If for each sequence (ap)°, in X converging to x the sequence 
(f(an))°@, in Y converges to f(x), then f is continuous. 


Theorem 4.1.7. (a) Any subspace A of a first-countable space X is first-countable. 
(b) Any countable product [][7_, Xx of first-countable spaces X;, is first-countable. 
Proof. (a) Ifa € A and # = {B, | n € N} is a countable basis at x in X, then {AN B, | n € N} 
is a countable basis at x in A. 
(b) If « = (a,)P2, € X = []P, X_ and &, is a countable basis at x, in X;,,, then the 
collection of products 
[oe) 
Il Ux ’ 
k=1 


where U;, € &, for finitely many values of k and U, = X;, for the remaining values of k, is a 
countable basis at x in X. (Exercise: Check that this collection is countable. It is a countable 
union of finite products of countable sets.) 
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4.1.2 Second-countable spaces 


Definition 4.1.8. A space X has a countable basis (for its topology) if there is a countable 
collection # of subsets of X that is a basis for the topology on X. In this case X is said to 
satisfy the second countability axiom, or to be second-countable. 


Lemma 4.1.9. Second-countability implies first-countability. 


Proof. Let B= {U,}°°, be a countable basis for the topology of a space X. For each point 
x € X the subcollection 4, = {U € B| x € U} is a countable neighborhood basis at x. 


Example 4.1.10. The real line is second-countable. A countable basis for the topology is given 
by the open intervals (a,b) with a < b € Q both rational. 
Euclidean n-space R” is second-countable. A countable basis is given by the products 


(a1, 61) Xr X& (Gn, bn) 


where all az, by € Q are rational. 
Even the infinite product R” is second-countable. A countable basis is given by the products 


[oe) [oe) 
][%¢ [[R =P” 
k=1 k=1 


where U; = (az, 6%) with rational endpoints, for finitely many k&, and U; = R for all other k. 


Not every metric space is second-countable. A counterexample is R” in the uniform topology. 
Another counterexample is R with the discrete topology, corresponding to the metric d with 
d(x,y) =1 foralaAyinR. 


Theorem 4.1.11. (a) Any subspace A of a second-countable space X is second-countable. 
(b) Any countable product [][7, Xz of second-countable spaces Xz is second-countable. 


Proof. (a) If @ = {Bn}72, is a countable basis for X, and A C X, then {AM By}, isa 
countable basis for the subspace topology on A. 
(b) If @, is a countable basis for X;,, for k € N, then the collection of products 


le 
k=1 


where U; € &, for finitely many k, and U; = X, for the remaining k, is a countable basis for 
the product topology on [[72., Xx. 


4.1.3. Countable dense subsets 
Recall that A C X is dense if A = X, i.e., if each nonempty open subset of X meets A. 
Example 4.1.12. The rational numbers Q C R are dense in the real line. 


Theorem 4.1.13. Suppose that X is second-countable. Then there exists a countable dense 
subset of X. 


A space with a countable dense subset is sometimes called a separable space. 
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Proof. Let {B,}°, be a countable basis for the topology on X. We may assume that each By, 
is nonempty. Choose a point x, € B, for each n > 1, and let D = {x, | n > 1}. We claim 
that D is dense in X. Consider any nonempty open subset U C X and choose a point y € U. 
Then there is a basis neighborhood B, with y € B, C U. Hence zn € DN By, C DNU, so D 
meets U. This implies that D = X. 


first-countable <— second-countable = > separable 


4.2 (§31) The Separation Axioms 


We can strengthen the Hausdorff property (T2) by demanding to be able to separate not only 
pairs of points, but pairs of points and closed sets, or pairs of closed sets. This leads to regular 
(T3) and normal (T4) spaces. 


normal = > regular = > Hausdorff 


Here “regular” comes from the Latin “regula”, originally meaning a straight piece of wood, as 
in aruler. Similarly, “normal” comes from “norma”, a carpenter’s square with four right angles. 
Its edges are normal, or perpendicular, to one another. The pendulum (of “perpendicular” ) is 
another tool for the recognition of vertical lines. 


Definition 4.2.1. A topological space X is regular if 
1. the singleton set {x} is closed in X for each x € X, and 


2. for each point « € X and each closed subset B C X, with x ¢ B, there exist disjoint open 
subsets U,V C X witha ©¢U and BCV. 


We then say that U and V separate x and B. 


Lemma 4.2.2. Regular spaces are Hausdorff. 


Proof. Given x and y consider B = {y}. 


We could therefore replace condition (1) by asking that X is Hausdorff. We cannot, however, 
omit condition (1), since a space with the trivial (indiscrete) topology satisfies (2). 


Lemma 4.2.3. Let X be a space with closed points. Then X is regular if and only if for each 
point x € X and neighborhood W of x there is a neighborhood U of x with U CW. 


cEUCUCWCcX 


Proof. If X is regular and « € W C X, consider B= X —W. Let x € U and BC V with U 
and V open and disjoint. Then X — V is closed and contains U, soU CX -V C X-B=W. 

Conversely, if x € X and B closed in X are given, with x ¢ B, consider W = X — B. Then 
W is a neighborhood of x. If U is a neighborhood of « with U C W then U and V = X —U 
separate x and B, as required for X to be regular. 


Theorem 4.2.4. (a) Any subspace of a Hausdorff space is Hausdorff. 
(b) Any product of Hausdorff spaces is Hausdorff. 


We have discussed this in exercises. Here is the analogous result for regular spaces. 
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Theorem 4.2.5. (a) Any subspace of a regular space is regular. 
(b) Any product of regular spaces is regular. 


Proof. (a) Let X be regular and A C X a subspace. We already know that A is Hausdorff, so 
we must show how to separate points and closed subspaces in A. Consider x € A and BC A 
closed, with x ¢ B. Since B is closed in A, there is a closed subspace K C X with B= ANK. 
Then x ¢ K (Exercise: Why’), so there exist open and disjoint U,V Cc X witha eU,K CV. 
Then ANU and ANY are open and disjoint subsets of A with a € ANU and BC AN V. 

(b) Let (Xa)aes be any collection of regular spaces. We already know that [[, Xq is 
Hausdorff. We use the previous lemma to show that X =[], Xq is regular. Let x = (ta)acs € 
X and consider any neighborhood W of «. Then there is a basis neighborhood [[, Wa of x 
contained in W, where Wg is a neighborhood of xq for each a € J, with Wa = Xq for all 
but finitely many indices a. By regularity of Xq we can choose a neighborhood Uy, of %q with 
Ua C We, for each a € J. When Wa = Xq we can and will choose Ua = Xq. Then U = [ls Ue 
is a (basis) neighborhood of x, with 


O=J][0.c][Wacw. 


Here the first equality uses the theorem below. Hence « € U C U C W. This shows that X is 
regular. 


The previous proof used the following theorem from §19, which we omitted at the time. 


Theorem 4.2.6. Consider subspaces Ag C Xq for eacha € J. The closure of their product 
equals the product of their closures: 


[][ 4¢= I] 4e- 
aed aed 
Proof. (Cc): Let A =], Aa and X = J], Xa. Let x = (%q)a be a point in A. We show that 
x € JI, Aa, by showing that rg € Ag, for each 8 € J. Let V be a neighborhood of xg in Xz. 
Then U = m3 '(V) is a neighborhood of x in X, hence meets A. Choose y = (Ya)a € ANU. 
Then yg € Ag NV. Since V was arbitrary, 7g € Ag, as required. 
For the opposite inclusion, see Munkres (page 114/116). 


Definition 4.2.7. A topological space X is normal if 
1. the singleton set {x} is closed in X for each x € X, and 


2. for each pair of disjoint closed subsets A, B C X there exist disjoint open subsets U,V C X 
with ACU and BC V. 


We then say that U and V separate A and B. 


Lemma 4.2.8. Normal spaces are regular. 


Proof. Given x and B consider A = {zx}. 


We could replace condition (1) by asking that X is Hausdorff (or regular). We cannot, 
however, omit condition (1), since a space with the trivial (indiscrete) topology satisfies (2). 


Lemma 4.2.9. Let X be a space with closed points. Then X is normal if and only if for each 
closed subset A C X and open set W containing A there is an open set U containing A with 
UcW. 


ACUCUCWCX 
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Proof. If X is normal and A Cc W C X, consider B= X —W. Let ACU and BC V with U 
and V open and disjoint. Then X — V is closed and contains U,soU C X -VC X—-B=W. 

Conversely, if disjoint and closed A and B in X are given, consider W = X — B. Then W is 
an open set containing A. If U is an open set containing A with U C W then U and V = X —U 
separate A and B, as required for X to be normal. 


Remark 4.2.10. Counterexamples exist to show that a subspace of a normal space needs not 
be normal, and a product of (two or more) normal spaces needs not be normal. Hence there is 
no analogue of Theorem 4.2.5 for normal spaces. 


4.3 (§32) (More About) Normal Spaces 


We show that for second-countable spaces, regularity and normality are equivalent, while for 
compact spaces, the Hausdorff property, regularity and normality are all equivalent. Metric 
spaces satisfy all three of these separation axioms. 


Theorem 4.3.1 (Tychonoff (1926)). Every second-countable regular space is normal. 


Proof. Let X be a regular space with a countable basis 4 for its topology, and let A and B 
be disjoint closed subsets of X. We seek disjoint open subsets U and V of X with A C U and 
BCY. 

For each point x € A, regularity for x and B gives us a neighborhood U() of x with closure 
disjoint from B: 

x €U(«)CU(z) CX-B. 

Any smaller neighborhood of « still has closure disjoint from B, so we may assume that U(x) 
is chosen from the basis #@ for the topology. Then the covering {U(x) | x € A} of Aisa 
subcollection of 4, hence is countable. Choosing an enumeration n +> U, of this countable 
collection, we have 


{U(xz) |xe A} ={Un|n EN} CZ. 


We now have a countable covering {U;, | n € N} of A, such that each U;, is chosen from # and 
U,, is disjoint from B. 

Similarly, we can find a countable covering {V, | n € N} of B, such that each V, is chosen 
from Z and V,, is disjoint from A. 

The union U,, Un is now an open set containing A and disjoint from B. Similarly, the union 
U,, Vn is an open set containing B and disjoint from A. However, U,, Un will typically not be 
disjoint from L,, Vn. To achieve this, we replace U,, and V,, with the following open subsets: 


Since each V; is closed, and disjoint from A, the set U/, is open and covers the same part of A 
as U;, did (ANU, = ANU)). Hence 
u=Vu, 


is an open set containing A. Similarly, 
veUVY 
n 
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is an open set containing B. To show that UNV = ©, suppose that x Ee UNV. Then x € U; 
and « € V; for some j,k AL By symmetry, we may assume that 7 <k. Then x € Uj C Uj, 
but x € Vi C V; — U; implies x ¢ U;. This contradiction shows that U cannot meet V. 


Theorem 4.3.2. Every metrizable space is normal. 


Proof. Let (X,d) be a metric space. Any metric space has closed points, so condition (1) in the 
definition of a normal space is satisfied. To establish condition (2), let A,B C X be disjoint, 
closed subsets. If A is empty the condition is trivially satisfied (with U = @ and V = X), and 
similarly if B is empty, so we may assume that A and B are nonempty. 
Recall the definition 
d(x, B) = inf{d(z,b)|be B} 


of the distance from x to B. It is continuous as a function of x, and d(x, B) = 0 if and only if 
x € B, since B is closed. Let 


U={2 € X | d(x, A) < d(x, B)} 
V={are X | d(x, A) > d(x, B)}. 


Then U and V are disjoint open subsets of X, with AC U and BC V. 


Theorem 4.3.3. Every compact Hausdorff space is normal. 


Proof. Let X be compact Hausdorff. Points in X are closed, so we must show that disjoint 
closed subsets A,B C X can be separated by disjoint open subsets. Being closed subsets of a 
compact space, A and B are themselves compact. 

We have already considered the case A = {x}. Let us review the argument: For each y € B 
we can separate x from y, i.e., find open sets Uy 5 x and Vy 5 y with UyN Vy = @. The 
collection {V, | y € B} covers B, which is compact, so there is a finite subcollection 


{Vases Vow t 


that also covers B. Then U = Uy, N---N Uy, and V = V,, U---UVy,, are disjoint open sets 
witha @eU and BCY. 

Now consider the case of a general, compact A. For each x € A we can choose disjoint, open 
sets U; > x and V; D B. The collection {Uz | x € A} covers A, which is compact, so there is a 
finite subcollection 


{Up icra} 


that also covers A. Then U = U,, U---UU,,, and V = Vz, ---AV;z,, are disjoint open sets 
with ACU and BC V, as required. 


4.4 (§33) The Urysohn Lemma 


For normal spaces we can separate disjoint closed subsets by real-valued functions, in the fol- 
lowing sense: 


Theorem 4.4.1 (Urysohn’s lemma). Let A and B be disjoint, closed subsets of a normal space 
X. There exists a map 
f: X = [0,1] 


such that f(x) =0 for alla € A and f(x) =1 for allx € B. 
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Proof. A dyadic number is a rational number of the form r = a/2”, where a and n integers with 
n > 0. The dyadic numbers are dense in R. 

For each dyadic number 0 < r < 1 we shall construct an open subset U, C X, with 
ACU, Cc X — B, so that for each pair of dyadic numbers 0 < p< q < 1 we have v5 C Ug. 

Let U; = X — B. Then A C Uj, so by normality there exists an open Up with A C Up C 
Up C U,. By normality again, there exists an open Uy/2 with Up c Uyj2.C Uy) Cc Uj. 

Let n > 2 and assume inductively that we have constructed the U, for all 0 < r < 1 of the 
form b/2"—! = 2b/2”. We must construct the U,. for r of the form a/2” with a = 2b+1 odd. By 
induction we have constructed U,/2n and U(2542)/2n with Uap /2n C U2p42)/2n. Using normality 
we can choose an open U(2541)/2" with 


Oop jon C Ucaogsyson C Uangsy/2n C Ulan42y/2n - 


Continuing for all natural numbers n, we are done. 
Extend the definition of the U; to all dyadic numbers r, by letting U, = @ for r < 0, and 
U, = X for r > 1. We still have the key property that U, C Ug for all dyadic numbers p < gq. 
Let « € X and consider the set 


D(z) = {r dyadic | z € U,}. 


Since x ¢ U, for r < 0, the displayed set is bounded below by 0. Since x € U,. for all r > 1, the 
displayed set contains all dyadic r > 1, and is nonempty. Hence the greatest lower bound 


f(x) = inf D(z) 


exists as a real number, and lies in the interval [0, 1]. 

Claim (1): If x € U; then f(x) <r. 

If « € U, then x € U, for all r < gq, so D(z) contains all dyadic numbers greater than r. 
The dyadic numbers are dense in the reals, so f(x) < r. 

Claim (2): If « ¢ U, then r < f(a). 

If « ¢ U, then x ¢ U, for all p < r, so D(x) contains no dyadic numbers less than r. Hence 
r is a lower bound for D(a), and r < f(x). 

Claim (3): f is continuous. 

Let « € X and consider any neighborhood (c,d) in R of f(a). We shall find a neighborhood 
U of x with f(U) C (c,d). 

Choose dyadic numbers p and q with c < p < f(z) <q<d. Then x ¢ U, by (1), and x € U, 
by (2), so U = Uy — Uy is a neighborhood of z. 

If y € U then y ¢ Up C Up, soc < p< fly). Also y € Ug C Ug, so f(y) < ¢ < d. Hence 
f(y (ed): 


4.5 The Hilbert Cube 


We review material covered in Exercise 8 of §20. 


Definition 4.5.1. The Hilbert cube is the product 


in the product topology. 


A point « € H can be viewed as a sequence (%,,)?2, with 


1 


n 


for each n > 1. We consider two different metrics on H. The uniform metric p = dg is given 
by 
p(x, y) = sup |Yn — Ln] - 
n>1 


The @?-metric dz is given by 


do(x, y) = 


Here the infinite series is bounded by 
o0 2 


1 
oF ee ea 


n=1 


hence converges. (This ¢-series is easily seen to be bounded by 1+ f;° 1/2? dx = 1+[-1/z]§° = 2. 
The exact value ¢(2) = 22/6 is due to Euler (1734). Here ¢ is the Greek letter ‘zeta’, and 
¢(s) = 5, 1/n® defines Riemann’s zeta-function.) The ¢?-metric on H is restricted from the 


inner product 
bas y — a XLnYn 
n 


on the complete vector space ¢? (R) of square-summable sequences. Such complete inner-product 
spaces are known as Hilbert spaces. 


Proposition 4.5.2. The uniform metric p, and the (?-metric dz define the same topology on 
the Hilbert cube H as the product topology. In particular, H is metrizable. 


Proof. Consider any point x € H. Any neighborhood of x in the product topology contains a 
basis neighborhood of the form 


oe) 


[0, 1/n] N (tn — €,2n, + €) Xx II (0, 1/n] 
n=k+1 


a 


ll 
un 


n 


for some € > 0 and finite k. (Exercise: Why?) This, in turn, contains the uniform metric 
neighborhood 
B,(z,€) = {y € A | sup lyn — tn| < €}. 
n 


Hence the uniform metric topology is equal to or finer than the product topology. 
Furthermore, 


p(x, y) < do(x,y) 
since 
sup (Yn = In)" < Son — tn)" : 
n 
n 


Hence Ba,(x,¢) C B,(a,€), so any uniform metric neighborhood of x contains an ¢?-metric 
neighborhood. Thus the ¢?-metric topology is equal to or finer than the uniform metric topology. 
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It remains to prove that any ¢?-neighborhood By, (a,€) of 2 contains a neighborhood in the 
product topology. Here « > 0 is given. Since the series }>,, 1 /n? converges, there is a finite 
k > 1 such that 


foe) 


So lj? <2 2s 


n=k+1 


Let 6 = €/V2k > 0. We claim that the basis neighborhood 


k ee) 
B= [[10,1/n]N @n — 46,21 +6) x J [0,1/n] 
n=1 n=k+1 


of x, for the product topology, is contained in By,(x,¢). To check this, consider y € B. Then 
lun — @n| < 6 forl <n<k, and 0 < y, <1/n forn >k+1. Hence (yn — an)? < 6? = €7/2k 
forl<n<kand (yn —2n)" < 1/n? forn >k+1. Thus 


k oo k oo 
da(x,y)? = > (yn — n)” + S- (Yn — an)? < Se? /2k + y ie Sete Qa e. 
n=1 n=k+1 n=1 n=k+1 


This implies do(x,y) < €, so B C Bg,(x,€). Hence the product topology on H is equal to or 
finer than the (?-metric topology. 


Corollary 4.5.3. The countably infinite product 


is metrizable. 


Proof. We have evident homeomorphisms [0,1] = [0,1/n], taking x to «/n. Their product 
defines a homeomorphism 


(0, 1)” = [ [0.1] = [ [l0,1/n] = 2. 


The product topology on the right hand side comes from various metrics, including the uniform 
metric and the ¢?-metric. Hence the product topology on the left hand side is also metrizable. 


For example, the uniform metric p on H corresponds to the metric 


D(a, y) = sup [Yn = £n 
n 


on [0, 1)” considered in §20. 


We will use this corollary to show that certain spaces are metrizable by embedding them in 
(0, 1]”. 


4.6 (§34) The Urysohn Metrization Theorem 


Theorem 4.6.1 (Urysohn’s metrization theorem). Every second-countable regular space is 
metrizable. 
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Proof. Let X be a second-countable regular space. By Theorem 4.3.1 this is the same as a 
second-countable normal space. Hence X is a normal space with a countable basis 4 = {By }?2, 
for its topology. We shall prove that X is metrizable by embedding it into the metrizable space 
(0, J” = []7°., [0, 1], with the product topology. 

Claim 1: There is a countable collection {f,}°°., of maps f,: X — [0,1], such that for any 


pEeUcxXx 


with U open there is an f,, in the collection with f,(p) = 1 and f,(X —U) Cc {0}. 

Consider 4 = {B,}%,. For each pair (i, 7) of indices with B; C B; use Urysohn’s lemma to 
choose a map gi,j: X — [0,1] with g;,;(B;) C {1} and g;,;(X — B;) Cc {0}. Then the collection 
{i,j} satisfies the claim. To see this, consider p € U open in X. Since Z is a basis, there is a 
basis element B; with p € B; C U. By regularity, there is an open V with pe V C Vo B;, 
and by the basis property there is a basis element B; with p € B; C V. Then B; C V C B;, 
so p € B; C B; CU. Then gj; is defined, and satisfies g;,;(p) = 1 and gi;(X —U) c {0}. We 
reindex the countable collection {gj }i,; as {fn}02)- 

Define a map 


[oe) 
F: X + [J [0,1] = (0, 1)” 
n=1 
by the rule 
F(x) = (fila), fo(a),...). 
In other words, t,o F = fn: X — [0,1] for each n > 1. 

Claim 2: F is an embedding of X into [0,1]”. 

It is clear that F is continuous, since each component f, is continuous and [0,1]” has 
the product topology. It is also clear that F’ is injective, since for x 4 y in X the complement 
U = X —{y} is a neighborhood of z, so there is an index n with f,(~) = 1 and f,(X —U) Cc {0}, 
so fn(y) = 0. Hence the n-th coordinates of F(a) and F'(y) are different, so F(x) A F'(y). 

Let F(X) Cc [0,1]” be the image of F’ in the subspace topology. We have proved that 
F: X — [0,1]° is continuous and injective. In order to show that it is an embedding, it 
remains to show that its corestriction X — F(X) is an open map. Let U C X be open. We 
must show that F'(U) is open in F(X). 


U 


Cc XxX fn 
| es 
PYG) 6: POS). oc [0,1 = 0, 1 
Woeoc V —- > (1/2, 1] 


Let g € F(U) be any point. We shall find an open W Cc F(X) with qe W Cc F(U). Let 
p € U be the (unique) point with Fp) = gq. Choose an index n such that f,(p) = 1 and 
fa(X —U) C {0}. Let 

V =ae'((1/2,1) 
be the open set of sequences (x1, %2,...,) in [0,1] with x, > 1/2, and let W = F(X)NV. Then 
W is open in the subspace topology on F(X). 

Claim 3: ¢q€& W and W c F(U). 

We have tn(q) = Tn(F'(p)) = frn(p) = 1, so g € V. Since q € F(X) we get ge F(X)NV 
W. Let y € W be any point. Then y = F(x) for some (unique) x € X, and m,(y) = t™(F(2)) 
fn(x) € (1/2,1], which implies x € U, since f,(X —U) Cc {0}. Hence y = F(x) € F(U), s 
WcF(U). 


° 
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4.7 (§35) The Tietze Extension Theorem 


Theorem 4.7.1. Let A be a closed subspace of a normal space X. Any map f: A — [0,1] 
(resp. f: A— R) may be extended to a map g: X — [0,1] (resp. g: X > R) with g|A= f. 


This is an application of Urysohn’s lemma. One may of course replace [0,1] by [a,b], and 
replace R by (0,1) or (a,b), for any a < b. 


4.8 (§36) Embeddings of Manifolds 


Definition 4.8.1. An m-dimensional manifold is a second-countable Hausdorff space X such 
that each point p € X has a neighborhood U that is homeomorphic to an open subset V of R™. 


The composite of such a homeomorphism U =; V and the inclusion V C R™ defines an 
embedding 
g: U — R”™ 


We call g a coordinate map and U a coordinate domain. The main assumption on X is that it 
is covered by coordinate domains. 

Any neighborhood V of a point g in R™ contains a neighborhood that is homeomorphic 
to R™. Hence we may just as well ask that each point p € X has a neighborhood that is 
homeomorphic to R™. We say that X is locally homeomorphic to R™. The assumptions that 
X is Hausdorff and second-countable are made to avoid pathological examples. 

A 1-dimensional manifold is called a curve. A 2-dimensional manifold is called a surface. 


Lemma 4.8.2. (a) An open subspace of an m-manifold is an m-manifold. 
(b) The product of an m-manifold and an n-manifold is an (m+ n)-manifold. 


Proof. Clear. 


Example 4.8.3. (a) Euclidean m-space R™, 
(b) The m-sphere 
s™={xeER™* | lle = 1 


(c) Any hypersurface 
X= f"(r)={eeR™" | f(z) =r} 


where f: R™+! — R is a continuously differentiable (C') function and r is a regular value of f. 
This follows from the implicit function theorem. 


Example 4.8.4. Real projective m-space is the quotient space 
RP” =S"/~, 


where ~ is the equivalence relation with equivalence classes [x] = {x,—a}, for x € S™. Here x 
and —x are antipodal points. There is a quotient map 


f: S” — RP” 


taking x to its equivalence class f(x) = [x], and defining the topology on RP™. There is a 
bijection 


~N 


RP™ —> {lines L through 0 in R™*'} 


89 


taking [z] to the line L = {rx € R™*! | r € R}. We can give the right hand side the topology 
making this a homeomorphism. This makes RP” a compact m-manifold. For m = 2 we obtain 
the projective plane RP?. This admits an incidence geometry of “points” and “lines”, and is 
“better” than the Euclidean plane R? in that any two distinct lines in RP? meet in a unique 
point. (This fails for parallel lines in R?.) 


Example 4.8.5. Let 0<k <n. The Grassmann manifold of k-planes in R” is the set 
Gr;,(R") ={V CR" | dim(V) = k} 


of k-dimensional vector subspaces of R". For example, RP” = Gr; (R™*"), and Gro(R*) is the 
space of 2-dimensional planes through 0 in R*. There is a surjection 


f: GL,(R) — Gr;,(R") 


sending an invertible n x n matrix A = (a1,...,@,) to the subspace of R” spanned by the first 
k column vectors: 
f(A) = span{aj,...,a,%} C R”. 


We can give Gr;(R”) the quotient topology from GL, (IR) (which has the subspace topology from 
R”’), and this makes Gr;(R") a manifold. Its dimension is m = k(n — k). Replacing GLy(R) 
with the compact space O,, of orthogonal matrices, once can see that Gr;(IR") is compact. 


Example 4.8.6. Let X C R” be a k-manifold differentiably embedded in R”. For each point 
p€ X the tangent space T,X is then a k-dimensional subspace of R”. We can think of T,X as 
a point g(x) € Gr;(R”). This defines the Gauss map 


g: X — Gr; (R") 
p> T,X 
of the embedded manifold X, which is an important tool in differential geometry. 


Combining these examples with the lemma above gives rise to a number of examples of 
manifolds. For example, any open subspace 


X CRP™ x.--x RP™ 
is an (mi +--- + m,)-manifold. 


Example 4.8.7. The real projective plane RP? cannot be embedded in R?, but does admit an 
embedding in R*. An explicit embedding e: RP? > R? is obtained by factoring g: S? > R* 
given by g(x,y, z) = (yz, xz, ry, 7? — y) over the quotient map f: S? + RP?: 


52 


ae 


RP? —_> R* 


Note that g(z,y,z) = g(a’, y’,2’) if and only if (2’,y’, 2’) = 4(2,y,z), so e is a well-defined 
injective map from a compact space to a Hausdorff space, hence is an embedding. 


It is a difficult problem, much studied in the 1950s and 60s, for a given m to determine 
the minimal N such that RP” embeds in RY. I believe it is not known whether RP® can be 
embedded in R!°. 
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Theorem 4.8.8 (Embedding theorem for compact manifolds). If X is a compact m-dimensional 
manifold, then X can be embedded in R' for some N EN. 


For the proof, we will use the existence of partitions of unity. 


Definition 4.8.9. The support of a function ¢: X —> R is 


supp(¢) = {z € X | (x) #0}. 


Hence ¢ = 0 on the open set X — supp(¢). 
Here ¢ is the Greek letter ‘phi’, sometimes written y. The capital letter is ®. 


Definition 4.8.10. Let @ = {U;}"_, be a finite, indexed, open covering of X. A partition of 
unity dominated by (or subordinate to) @ is an indexed family ® = {¢,}"_, of maps 


dj: xX — (0, 1] 
such that supp(¢;) C U; for each 1 <i <n, and )*y_, ¢(x) = 1 for each a € X. 


At each x € X, the number 1 is written as a sum of non-negative numbers ¢1(2),...,¢n(2), 
where ¢;(a) > 0 only for x in (a set with closure in) Uj. 


Theorem 4.8.11 (Existence of finite partitions of unity). Let X be a normal space, and let 
6 ={U;}_, be a finite open covering of X. Then there exists a partition of unity ® = {d;}"_, 
dominated by @. 


The first step of the proof gives the following lemma. 


Lemma 4.8.12 (Shrinking lemma). Let X be a normal space, and let @ = {U;}"_, be a finite 
open covering of X. Then there exists a finite open covering J = {Vi}, of X such that 


Yi cu; 
for each i. 


Proof. We define V; by induction. Let 1 < k < n, and suppose that V;,...,V,_1 have been 
defined so that V; C U; for 1 <i<k, and 


{Vi,..-,Ve-1, Uk, ---, Un} 
covers X. This is trivially satisfied for k = 1. Consider 
A= X —(V,U-+-UVp_-1 UU p41 Us UU). 


Then A Cc U, with A closed and U, open in X. By normality, we can choose V; open with 
AC Vy C Vy C Ux. This completes the inductive step. 


Proof of existence of partitions of unity. Given the finite open covering @ = {U;}"_, apply the 
shrinking lemma to obtain a finite open covering J = {V;}"_, with V; C U;. Apply the shrinking 
lemma again, to obtain another finite open covering & = {W;}"_, with WiC V;. 

For each 1 < i < n, use Urysohn’s lemma for W; and X — V; to choose a map yj: X > [0,1] 
with |W; =1 and w;|X — V; =0. Then {x € X | a;(x) 4 0} C Vj, so 


supp(i) = {a € X | a(x) FO} CV CU; 
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for each i. The sum W(x) = 57}, v(x) is eveywhere greater than or equal to 1, since any 
x € X lies is some Wj, and then 7;(x) = 1. 
To obtain a partition of unity we use VW to normalize the functions w;: 


_ viz) 


oe) = Ge) 


for 1 <i <n. Then each ¢; is continuous, 


supp(9i) = supp(¥i) C Ui 
and >>; di(x) = 1 for each x € X. 


Here w is the Greek letter ‘psi’, and V is the upper-case form. 


Proof of embedding theorem. Let X be a compact m-manifold. Each point p € X has a neigh- 
borhood U, that is homeomorphic to an open subset V, C R™. The collection {U, | p € X} is 
an open cover of X, so by compactness there exists a finite subcover {Up,,...,Up, }. Choose 
embeddings 
gi: Up, —> R™ 

with image V,,, for each 1 <i <n. 

Let {¢1,..-,¢n} bea partition of unity dominated by {Up,,..., Up, }. Recall that supp(¢;) C 
U,,. The function 


Up; —> R™ 
r+—> bi(&) - gi(x) 
is continuous, and equal to 0 outside supp(¢;). We can extend this to a map 


by setting h;(x) = 0 if « ¢ supp(¢;). Then h; is well-defined, and continuous on the open sets 
Up, and X — supp(¢;) that cover X, hence is continuous on all of X. 
An embedding of X is now given by 


F: X — (Rx R™)" = RY 
with 
F(x) = (o1(z), hi(2), sity :On(2), hn(x)) 
and N = n(m+1). Since each component of F' is continuous, so is F’. By assumption X is 
compact, and RY is Hausdorff, so in order to show that F is an embedding it suffices to prove 
that it is injective. 


Consider z,y € X with F(x) = F(y). Then )°, ¢;(x) = 1 so ¢;(x) > 0 for some i. Then 
bi(y) = gi(x) > 0, and x,y € supp(¢i) C Up,. From 


bi(x) - g(x) = hi(x) = hi(y) = O:(y) - 9:(y) 


we deduce gi(x) = gi(y). Here g; is injective, so x = y. 


This proof does not give the optimal (minimal) N, but given an embedding F: X > R% one 
can look for projections 7: RY — R‘~! and ask if 70 F: X > R~! remains an embedding. 
For differentiable manifolds X this works to bring N down to 2m +1. Hassler Whitney (1944) 
proved that N = 2m is possible (for m > 1), but to get lower than that, (much) more care is 
needed. 
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Chapter 5 


The Tychonoff Theorem 


5.1 (§37) The Tychonoff Theorem 


Theorem 5.1.1 (Tychonoff theorem). Any product of compact spaces is compact. 
In other words, for any set J and any collection {Xa}aey of compact topological spaces Xq, 


the product space 
[] Xe 


acd 


is compact in the product topology. 
We proved this for finite J, but the result is also true for infinite J. Proofs typically involve 
well-ordering, nets or transfinite induction. 


5.1.1 The Hilbert cube is compact 
A special case of Tychonoff’s theorem is that the Hilbert cube 
H = [[(0,1/m] 
m=1 


is compact. Here J = N and X,, = [0,1/m] for m > 1. 
This can be given an elementary proof (Morris, 1984) using the Cantor set. It suffices to 
prove that the homeomorphic space 


is compact in the product topology. The Cantor set C = (]?2., Cy is the closed subspace of 
[0, 1] obtained by iteratively removing middle thirds: 


C, = [0,1/3] U (2/3, 1] 
Cz = [0,1/9] U [2/9, 3/9] U [6/9, 7/9] U [8/9, 1] 


We know that C' is compact, because it is a closed subset of [0, 1]. 
The countably infinite product 


{0, iF a. [[%. 1} 
n=1 
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of the discrete two-point space {0,1} maps (continuously) onto the unit interval [0,1] by 
a 
Ff: (Qn)n xe oa ; 
n=1 


This corresponds to the presentation of real numbers 0 < x < 1 by binary expansions 
Hl 0.6, b2b3 eee 


where b, = ay. It also maps onto the Cantor set C' by 
h: (@n)n - ae 


This corresponds to the (unique) presentation of elements y € C’ by ternary (= base 3) expan- 
sions 
y = 0.tytet3... 


where t, = 2an. In fact h: {0,1}” — C is a homeomorphism. The n-th component of the 
inverse h~! takes a number y € C C [0,1] to an = t,/2 where t, € {0,2} is the n-th term in 
the ternary expansion of y, which is locally constant on C. 

Choosing a bijection N x N = N taking (m,n) to k, we obtain a homeomorphism 


[[ta.4 2 [] [[to.2- 
k=1 m=l1n=1 


The left hand side is homeomorphism to C’, hence compact. For each m we have a surjective 
map f: [[7°.,{0,1} — [0,1]. Taking their product we obtain a surjecitve map 


Ilr: IL [] [08 — [[u.- 
m=1 m=ln=1 m=1 


Hence [[>>_, [0, 1] is the continuous image of a compact space, and is therefore compact. 


5.1.2 The profinite integers 


Let n € N be a natural number. We say that two integers a and b are congruent modulo n, and 
write a= b mod n, if b—a is a multiple of n, ie, if mn | b— a. Congruence modulo n is an 
equivalence relation on Z, and the equivalence class of an integer a is 


[an =a+nZ={a+kn|keZ}. 


The n integers 
{0,1,2,...,n—1} 


are commonly chosen representatives for the n different equivalence classes for this equivalence 
relation. The set of equivalence classes for congruence modulo n is denoted Z/nZ, Z/(n) or 
Z/n. It is a commutative ring, called the ring of integers modulo n, with sum 


[ajn + [O]n = [a + On 
and product 
[a]n + [bJn = [ab]n 
defined by choosing representatives. There is a surjective ring homomorphism 


on: Z> Z/n 


taking a to [a]n. 
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Lemma 5.1.2. View Z and Z/n as discrete topological spaces. The product space 


[oe) 
[[Z/=z/ x Z/2 x Z/3 x eae 
is a compact Hausdorff space. The function 
Co 
6:Z3][Z/n 
n=1 


with components (1,2, ¢3,...), taking a to (a]i, [a]a, [a]z,...), ts an injective, continuous 
function 


Proof. Each Z/n has only finitely many open subsets, hence any open cover is finite, so Z/n is 
compact. By Tychonoff’s theorem, the product space [[7°., Z/n is also compact. (This is not 
too hard to prove directly) 
Each Z/n is discrete, hence Hausdorff, so also the product space []7°., Z/n is Hausdorff. 
The function ® is injective, since if ®(a) = ®(b) then ¢,(a) = on(b) for all n € N, sob-—a 
is divisible by each natural number n. Taking n > |b — a] it follows that b—a=0,soa=b. 
Each function ¢, is continuous, since Z has the discrete topology. Hence ® is continuous, 
since each of its components is continuous and []?°<_, Z/n has the product topology. 


Let m,d € N be natural numbers, and suppose that m is a multiple of d, so that d| m. The 
function 
Pma: Z/m > Z/d 


taking [a]m to [a], is then a well-defined ring homomorphism. We call pmq(x) the reduction 
modulo d of x € Z/m. Notice that pma°odm = ba 


Zs Z/m 


a [om 


Z/d 
as functions Z + Z/d. Hence the image ®(a) € [][°°., Z/n of an integer a € Z is a sequence 
(an)? with the property that 
Prdl’rn) =2Xd 


for all d| m. Let 


Z = {(an)%, € Il Z/n| Pmd(&m) = La for all d | m} 


n=1 


be the subspace defined by this property. In other words, an element of Z is a sequence (tn )er4 
with x, an integer modulo n, such that xq is the reduction modulo d of x, for each d | m. 
The set Z is a commutative ring, called the ring of profinite integers, with sum 


(n)n=1 + (Yn)rei = (fn + Yn)na1 


and product 
(Cn )nm1* Yr)nmt = (Zn Yn)n=1 


defined termwise. It is a topological ring, in the sense that the ring operations are continuous. 
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Lemma 5.1.3. The ring of profinite integers Z is a closed subspace of the product space 
Tp Z/n, hence is a compact Hausdorff space. 


Proof. For each d | m consider the continuous function 
oe) 
fma: [| Z/n> Z/d 
n=1 
taking (ap )?2.1 to Pm.d(%m) — vq. The preimage 
Cd = frna((0a) 


of [O]q is closed, since Z/d is discrete. Hence the intersection 


Z=()Cma 


d|m 


is also closed in [[?2_, Z/n. 
Lemma 5.1.4. The function ® corestricts to an injective, continuous ring homomorphism 
UW: ZZ 


taking a to ([aJn)2,, from the discrete space Z to the compact Hausdorff space Z. The image 
of V is dense in Z. 


Proof. Let p = (a,)°2, be any point in Z. Any neighborhood V of p contains a basis element 
ZOU for the subspace topology, where 


u=[[ uc] zn 
n=1 n=1 


is a basis element for the product topology. Here x, € U, for all n, and U, = Z/n for all but 
finitely many n. Let N € N be a common multiple of all the n with U, 4 Z/n. Choose any 
integer a with [a]y = ay. Claim: 

W(a) Ee W(Z)NU, 


so that U(Z) NV #2, and W(Z) is dense in Z. 
To prove the claim, it is enough to prove that ®(a) € U, or equivalently, that [a], € Un for 
all n. This is clear when U;, = Z/n. When U,, 4 Z/n we have n| N, and then 


[aln = pyyn([aly) = pnyn(tn) = 2n € Un. 


The map WU: Z > Z is not an embedding of the discrete space Z in the topological sense. 
The topology on Z that makes V an embedding, i.e., the subspace topology from Z, may be 
called the Fiirstenberg topology. 


Theorem 5.1.5 (Euclid, ca. 300 BC). There are infinitely many prime numbers. 
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Proof. Here is Fiirstenberg’s proof from 1955. The open sets of the Furstenberg topology on Z 
are of the form Y~!(V) with V open in Z, or equivalently, of the form 6—!(U) with U open in 
I[-2, Z/n. It follows that each open set in the Fiirstenberg topology on Z is either empty or 
infinite. 

For each prime number p, the subset 


pZ = {kp|k € Z} 


of Z is closed in the Fiirstenberg topology. Consider the subset 


A= [J »@ 


p prime 


of Z. Its complement is 


X= AS (4h, 


since the only integers not divisible by any primes as the units 1 and —1. 

If there is only a finite set of primes, then A is a finite union of closed subsets, hence is 
closed in Z, so that X — A = {+1} is open. This contradicts the fact that the open subsets of 
Z are either empty or infinite. 
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Chapter 6 


Complete Metric Spaces and 
Function Spaces 


6.1 (§43) Complete Metric Spaces 


Definition 6.1.1. Let (X,d) be a metric space. A sequence (%)?°, of points in X is a Cauchy 
sequence if for each € > 0 there is an N € N such that 


(Lm, Ln) <€ 
for all msn > N. 
Each convergent sequence is a Cauchy sequence. 
Definition 6.1.2. A metric space (X, d) is complete if each Cauchy sequence in X is convergent. 


Lemma 6.1.3. Any closed metric subspace of a complete metric space is complete. 


Proof. Let (X,d) be complete and A Cc X closed. If (a), is Cauchy in A with the restricted 
metric then it is Cauchy in (X,d), hence has a limit in X, which must also be a limit in A, 
since A is closed. 


Lemma 6.1.4. A metric space (X,d) is complete if every Cauchy sequence in X has a conver- 
gent subsequence. 


Proof. If (an)n is Cauchy and tn, > y as k > oo then zn > y as n > ov. 


Proposition 6.1.5. Every compact metric space is complete. 


Proof. Every Cauchy sequence in a compact metric space contains a convergent subsequence, 
by (sequential) compactness, so by the lemma above it is convergent. 


Theorem 6.1.6. Euclidean space R” is complete (in any of the equivalent metrics coming from 
a norm). 


Proof. Each Cauchy sequence in (R”, d) is bounded, hence lies is a closed and bounded subspace 
of R”, which is compact. It therefore has a convergent subsequence, and is itself convergent. 


Remark 6.1.7. A vector space V equipped with a norm || — || can be viewed as a metric 
space, with metric d(x,y) = ||y — x||.. The normed vector spaces (V, || — ||) such that (V, d) 
is complete are called Banach spaces and play a key role in linear analysis (MAT3400/4400), 
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which also serves a foundation for the existence and uniqueness theory for differential equations. 
A starting point for the theory is the fact that each closed subspace of a Banach space is again 
complete. In the special case that the complete norm comes from an inner product (—,—), with 
\|z|| = \/ (x, x), we refer to (V,(—,—)) as a Hilbert space. 


Given a metric space (X, d), there exists a universal complete metric space (X ; d) containing 
(X,d) as a dense metric subspace. 


Theorem 6.1.8. Let (X,d) be a metric space. Let Cauchy(X) be the set of Cauchy sequences 
(2n)n in (X,d), and let 
X = Cauchy(X)/~ 


be the set of equivalence classes of Cauchy sequences, where (n)n ~ (Yn)n tf U(Ln; Yn) + 0 as 
n— oo. Defined: X x X —R by 


d(&, 9) = limd(an, Yn). 


where & = [(an)n] and 9 = [(Yn)n]. Then (X,d) is a complete metric space. The map 


e:X 3X 


cr [(x,2,2,...)] 


sending x € X to the class of the constant sequence at x is an isometric embedding (meaning 
that d(x, y) = d(e(x), e(y)) for all x,y € X) with dense image e(X) C X. 


Proof. We outline the proof. See Exercise 43.9 in Munkres’ book. 

(a) ~ is an equivalence relation and d is well-defined, by the axioms for the metric d, 
including the triangle inequality. 

(b) e: X + X is an isometry, hence identifies (X,d) with the metric subspace (e(X), d) of 
(X,d) obtained by restricting the metric d to e(X) C X. 

(c) e(X) is dense in X, since for any # = [(ap)n] in X the sequence (e(ap))n in e(X) 
converges to &. 

(d) Every Cauchy sequence in the dense subset e(X) of X converges in X. 

(e) This implies that X is complete. 


Definition 6.1.9. The complete metric space (X,d) is called the completion of (X,d). 
The completion is well-defined up to unique isometry. 


Theorem 6.1.10. Let g: (X,d) — (Y,dy) be any isometric embedding from a metric space 
(X,d) to a complete metric space (Y,dy). There is a unique factorization of g as a composite 


g = foe: (X,d) & (X,d) 4 (¥, dy) 


where e is the canonical isometric embedding of (X,d) in (X,d), and f is also an isometric 
embedding. 


Proof. We outline the proof. See Exercise 43.10 in Munkres’ book. 
For & = [(a)n] in X, note that (g(an))n is a Cauchy sequence in the complete metric space 
(Y,dy). Let f() = limn g(an). 
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Example 6.1.11. We have used the real numbers in our definition of a metric, and hence of 
completeness, so the following example may appear a bit circular. 
Let X = Q be the set of rational numbers, with metric 


dos (by y) = ly — 2 


given by the absolute value. The usual inclusion g: (Q,d.) — (R,d), where Y = R has the 
usual metric, factors as 


(Q, doo) + (O, doo) 5 (R, 4). 


Since Q is dense in (R,d), it follows that the isometric embedding f is surjective, hence an 
isometric homeomorphism. We can therefore recover the real numbers R, with the usual metric, 
as the completion Q of the rational numbers with respect to the metric dy. 


Example 6.1.12. Let p be any prime number. A rational number x = A/B can be written 
in the form ap”/b by collecting any factors p in A or B in the power p”, where n may be any 
integer. The p-adic norm 


|-—|lp: Q—> R 
is defined by 

ap"; — 1 

SF pp” 


for a and b integers not divisible by p, and n any integer. We also set |0|, = 0. Then |z|, > 0 
for all x € Q, | — 2|p = |2|p, and the triangle inequality 


lz + ylp < [lp + lylp 
can be proved to hold. We can therefore define a metric 
dp: Ox Q—R 


on Q, called the p-adic metric, by dp(«) = |y — 2|p. 
The metric space (Q,d,) has a very different topology than the metric subspace (Q, doo) 
of R. For example, the sequence 


a eee 
converges to 0 in (Q,d,), while it is unbounded and diverges in (Q, ds.) C (R, d). 


Definition 6.1.13. The completion (Q, dy) of the rational numbers with respect to the p- 
adic metric is denoted Q,, and is called the p-adic numbers. It is a complete metric space, 
containing (Q,d,) as a dense metric subspace. A concrete model for Q, is given by the formal 


p-adic expansions 
nr 
S AnP 
n 


where n € Z, an € {0,1,...,p — 1}, and a, = 0 for all sufficiently negative n. The subset of 
such formal sums where a, = 0 for n < 0 is called the set of p-adic integers, denoted Zp. 
One can prove that Q, is a field of characteristic zero, containing Q as a subfield, and Z, is 
a subring of Q,, contaning Z as a subring. We therefore call Q, the field of p-adic numbers, and 
Z, the ring of p-adic integers. The closure of Z in Q, is equal to Z,. There is also a description 
of Z, as the inverse limit 
Zp = lim Z/(p") 


of the rings of integers modulo p”, where the limit is formed in the algebraic/categorical sense. 
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Remark 6.1.14. An important aspect of modern number theory is to treat the completions 
R and Q, of Q, with respect to the metrics dj. and dy for all primes p, on an equal footing. 
In other words, anything arithmetic that can be done with real coefficients should also be done 
with p-adic coefficients. This leads to important ‘reciprocity’ results, the first glimpse of which 


is the formula 
[tho] [lelp =1 
Pp 


for any x € Q— {0}. The Langlands program takes the point of view that Galois groups should 
not be studied only through their real representations (actions on finite-dimensional real vector 
spaces), but also through their p-adic representations for all primes p. 


6.2 (§45) Compactness in Metric Spaces 


Definition 6.2.1. A metric space (X,d) is totally bounded if for every « > 0 there is a finite 
covering of X by e-balls. 


Proposition 6.2.2. Every compact metric space is totally bounded. 


Proof. Let (X,d) be a compact metric space and consider any «€ > 0. The collection of all 
e-balls is an open covering of X. By compactness there exists a finite subcover, which is a finite 
covering of X by e-balls. 


Theorem 6.2.3. A metric space (X,d) is compact if and only if it is complete and totally 
bounded. 


Proof. We have proved that a compact metric space is complete and totally bounded. Con- 
versely, we will prove that a complete and totally bounded is sequentially compact. This implies 
that it is compact, as we proved in §28 (Theorem 3.6.3). 

Let (@n)72, be any sequence of points in X. We shall construct a Cauchy subsequence 
(n,)¢2. By the assumed completeness of X, this will be a convergent subsequence. 

First cover X by finitely many balls of radius 1. At least one of these, call it B,, will contain 
py for infinitely many n. Let 

Jj ={n EN | a, € Bi} 


be this infinite set of indices. 

Inductively suppose, for some k > 1, that we have chosen a ball B, of radius 1/k that 
contains x, for all n in an infinite set J, C N. Cover X by finitely many balls of radius 
1/(k +1). At least one of these, call it By41, will contain x, for infinitely many n € Jy. Let 


Jh41 = {n € Jk | Ln E Bri} 


be this infinite set. Continue for all k, to get an infinite descending sequence of infinite sets: 


VD: DI > Sk41 De acapthes 


Choose n, € J;. Inductively suppose, for some k > 1, that we have chosen nz € Jz. Since 
Jx+1 is infinite, we can choose an ng41 © Jey1 with nzp41 > nz. Continue for all k. The sequence 


Ny Sr ONES Ney <... 


is strictly increasing, so (ap, )72, is a subsequence of (a%,)?24. 


We claim that it is a Cauchy sequence. Let € > 0 and choose k with 1/k < €/2. For all 
i,j 2 k we have nj € Ji C Jp and nj € Jj C Jk, 80 n;,%n; € By. Since By has diameter 
< 2/k < €, we get that d(Xn;,In,;) <. Hence (%n,)?2, is Cauchy. 
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6.3 (§46) Pointwise and Compact Convergence 


6.3.1 Pointwise and uniform convergence 


Let X and Y be topological spaces, and consider the set 


Func(X,Y) =Y* =|] Y 
xX 


of functions from X to Y. Here f: X — Y corresponds to the X-indexed sequence (f(x))z of 
points in Y. Evaluation of a function at x corresponds to projection to the x-th factor, for each 
rEX. 


Definition 6.3.1. For « © X and U CY open let 
S(z,U)={f:X oY | f(x) eU}. 


This corresponds to 7,1(U), where 7: [[y Y + Y projects to the x-th factor. The collection 
of these sets S(x,U) is a subbasis for the topology of pointwise convergence on Func(X,Y), 
corresponding to the product topology on [[y Y. The associated basis consists of the finite 
intersections 


S(21,U01) A+++ S(an, Un) 
for 41,...,%, € X and Uj,...,Un C Y open. 


Lemma 6.3.2. A sequence (fn)°, of functions f,: X — Y converges to f: X — Y in the 
topology of pointwise convergence if and only if fnr(x) > f(x) asn— oc for eachxe X. 


Now suppose that (Y,d) is a metric space. 


Definition 6.3.3. For f: X — Y and « > 0 let 


BLe=a{ge XY | sup a(/\a) ge) <¢} 
LE 
be the set of functions g: X — Y such that the distances d( f(x), g(x)) for 2 € X are bounded 
above by a number less than «. For € < 1 this is the same set as the e-ball 


Bil f.e) ={9: X > Y | alf,g) < 


for the uniform metric 


A(f,g) = sup d(f(x), 9(x)), 


cEx 


where d(y1, y2) = min{d(y;, y2), 1} is the standard bounded metric on Y associated to d. The 
collection of subsets B(f,¢) C Func(X,Y) is a basis for the topology of uniform convergence, 
which equals the topology associated to the uniform metric /. 


Whenever we discuss the uniform topology on Func(X,Y) we assume that Y is equipped 
with a metric. 


Lemma 6.3.4. A sequence (fn)°, of functions f,: X — Y converges to f: X — Y in the 
topology of uniform convergence if and only if the sequence fr, converges uniformly to f as 
nm — Oo. 


To say that fn — f pointwise as n — oo is equivalent to 
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for each e > 0 and x € X there is an N € N such that for each n > N we have 
d(fn(x), f(x)) <e , 


while to say that fn — f uniformly as n — oo is equivalent to 


for each € > 0 there is an N € N such that for each x € X and n > N we have 
d(fr(x), f(z)) <e . 


The latter condition is (strictly) stronger, since N can only depend on e, while in the former 
condition N may also depend on «. 


Example 6.3.5. Let X = [0,1] and Y = R. Then sequence f,(2) = x” converges pointwise, 
but not uniformly, to the function f given by f(x) = 0 for x € [0,1) and f(1) =1. 


Theorem 6.3.6 (Uniform limit theorem). The uniform limit of a sequence of continuous func- 
tions is continuous. In other words, if the sequence (fn)°@, of functions fr: X + Y converges 
to f: X — Y in the topology of uniform convergence, and each fn is continuous, then f is 
continuous. 


Proof. We show that f is continuous at each point p € X. Let e€ > 0. By the assumption of 
uniform convergence, there is an N € N such that sup,cy d( f(x), f(an)) < €/3 for alln > N. In 
particular this holds for n = N. The function fy is continuous at p, so there is a neighborhood 
U of p such that fy(U) C Ba(fn(p),€/3). Then for all g € U, 


Uf (p), F(q)) < AFP), fn (p)) + tn (p), fu (9) + fn (@), F(a) < €/3 + €/3 + €/3 =e. 


Hence f is continuous at p. 


Definition 6.3.7. Let @(X,Y) = Map(X,Y) be the set of maps (= continuous functions) 
f: XY. 


Corollary 6.3.8. The subset Map(X,Y) is closed in Func(X,Y) with the uniform topology, 
but not (in general) with the pointwise topology. 


The topology of uniform convergence is finer than the topology of pointwise convergence. 
There is an intermediate topology of compact convergence, or uniform convergence on compact 
sets, defined so that fn — f uniformly on compact sets as n — oo if any only if for each compact 
CCX we have f,|C > f|C uniformly as n > oo. 


(pointwise convergence) C (compact convergence) C (uniform convergence) 


Example 6.3.9. Consider functions R + R. The Taylor polynomials 


n ak 
Ina) = 
k=0 — 


converge pointwise, and uniformly on compact subsets, but not uniformly, to the exponential 
function f(x) = e”. 


If X is compact, then the topology of compact convergence equals the topology of uniform 
convergence, while if X is discrete then the topology of compact convergence equals the topology 
of pointwise convergence. For a large class of topological spaces X, called compactly generated 
spaces, the subset Map(X,Y) is closed in Func(X, Y) with the compact convergence topology. 
Hence for compactly generated X and metric Y, if fn, — f uniformly on compact sets and 
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each fp is continuous then f is continuous. The class of compactly generated spaces plays a 
significant role in modern algebraic topology. We omit to discuss it only due to a lack of time. 
The pointwise, compact convergence and uniform topologies restrict to give topologies on 
the subspace 
@(X,Y) = Map(X,Y) C Func(X,Y) = Y* 


of maps f: X > Y. It turns out that the topology of compact convergence on @(X, Y) will not 
depend on the choice of metric on Y, and can be extended to the case of arbitrary topological 
spaces Y. This construction, called the compact-open topology, is due to Ralph Fox (1945). 
(Fox is known for his work in knot theory, and was the PhD advisor of John Milnor.) 

6.3.2. The compact-open topology 

Let X and Y be (arbitrary) topological spaces. 


Definition 6.3.10. For C C X compact and U C Y open, let 
S(C,U) ={f Ee @(X,Y) | f(C) CU}. 


The collection of these subsets S(C,U) C @(X,Y) is a subbasis for the compact-open topology. 
The associated basis consists of the finite intersections 


S(C1, U1) +--+ S(Ch, Un) 
where C1,...,Cy, C X are compact and Uj,...,Un CY are open. 


The compact-open topology on @(X, Y) is finer than the topology of pointwise convergence, 
since one-point sets are compact. 


Theorem 6.3.11. Let X be a topological space and (Y,d) a metric space. On @(X,Y) the 
compact-open topology equals the topology of compact convergence. 


We omit the proof. 


Corollary 6.3.12. Let Y be a metric space. The compact convergence topology on @(X,Y) only 
depends on the underlying topology on Y. If X is compact, the uniform topology on @(X,Y) 
only depends on the underlying topology on Y . 


6.3.3 Joint continuity 


A function 
fi: xXxYoZ 


corresponds to a function 
g: X — Func(Y, Z) 
defined by the equation g(x)(y) = f(x,y), and conversely. In this situation, we may call f the 
left adjoint and g the right adjoint 
Example 6.3.13. Let X = Y = Z=R, with 


2xry 


fay=yrty 
0 if (x,y) = 0. 
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If (x,y) = (rcos@,rsin@) with r > 0 then f(x,y) = sin(26) is independent of r, so if (x,y) > 
(0,0) along a line of slope @, then f(x,y) — sin(20). Thus f is not continuous at 0. However, 
the adjoint function g sends x 4 0 to 


2xy 


yr a 
g(a): y Pre 


and x = 0 to 
g(0): O++ 0, 


so that g(x) is continuous for each « € R. 
If f is continuous, each function g(x): Y > Z is continuous, so that g is a function 
g: X 3 6(Y,Z). 


We shall show that g itself is continuous if we give @(Y,Z) the compact-open topology, and 
that the converse holds e.g. if X is locally compact Hausdorff. 


Theorem 6.3.14. Let X, Y and Z be spaces, and give @(Y,Z) the compact-open topology. If 
f:X x Y > Z is continuous, then so is the right adjoint function g: X > @(Y,Z). 


Proof. Consider a point p € X and a subbasis element S(C,U) C @(Y, Z) that contains g(p), 
so that g(p)(C) C U, or equivalently, f({p} x C) C U. We wish to find a neighborhood V of p 
such that g(V) C S(C,U). 

By continuity of f, the preimage f~'(U) is an open subset of X x Y that contains {p} x C. 
Then f~!(U) MX x C is an open subset in X x C that contains {p} x C. By compactness 
of C, using the “tube lemma” of §26 (Lemma 3.4.23), there is a neighborhood V of {p} such 
that V x Cc f-1(U) NX x C. Then for q € V we have f({q} x C) C U, so g(q)(C) C U and 
g(q) € S(C,U). Hence g(V) c S(C,U). 


Corollary 6.3.15. The inclusion map 
ni X + €(Y,X x Y) 
given by n(x)(y) = (@, y) ts continuous. 


Proposition 6.3.16. Let Y be a locally compact Hausdorff space, and give @(Y, Z) the compact- 
open topology. The evaluation map 


e@(Y,Z)xY OZ 
given by €(g,y) = g(y) ts continuous. 


Proof. Let (g,p) € @(Y,Z) x Y and consider any neighborhood U of e(g,p) = g(p) € Z. We 
wish to find a neighborhood W of (g,p) such that e(W) Cc U. 

By the continuity of g, the preimage g~!(U) is a neighborhood of p € Y. By the assumption 
that Y locally compact and Hausdorff (recall the local nature of local compactness, see §29, 
Theorem 3.7.13), there is a neighborhood V of p with compact closure V C g 1(U). Then 


WeS(V(U) VC O(Y,Z)XY 


is an open subset containing (g,p), since g(V) C U and p € V. Furthermore, if (h,g) € 
S(V,U) x V then e(h, gq) = h(q) € U, so e(W) CU. 
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Theorem 6.3.17. Let X, Y and Z be spaces, with Y locally compact and Hausdorff, and give 
@(Y, Z) the compact-open topology. If g: X > @(Y, Z) is continuous, then so is the left adjoint 
function f: X x Y > Z. 


Proof. This follows from the proposition, since f is the composite 


XxV¥ 28 eV,Z)xY SZ. 


Corollary 6.3.18. Let Y be locally compact, and give @(Y,Z) the compact-open topology. 
There are one-to-one correspondences 
O@(X x Y,Z) = G(X, G(Y,Z)) = S(Y x X,Z) 
fog h 


t 


between the maps 


f:XxY3Z 
g: X — €(Y,Z) 
RY XR SZ 


specified by 
in Z forx € X andy €Y. If also X is locally compact Hausdorff, then there is also a one-to-one 
correspondence 


C(Y x X,Z) = (VY, E(X,Z)) 
hok 


where @(X,Z) has the compact-open topology and the map 
k: ¥Y — €(X,Z) 


is specified by k(y)(a) = h(y, x). 


The unit interval I = [0,1] in the subspace topology from R is compact and Hausdorff, and 
in particular is locally compact Hausdorff. 


Definition 6.3.19. Let a, 6: X — Z be maps. A homotopy froma to 8 isamap f: XxI > Z 
such that f(xz,0) = a(x) and f(x,1) = B(x) for all e € X. We then write f: a ~ 6. We say 
that a and @ are homotopic if there exists a homotopy from a to 6. 


Equivalently, a homotopy from a to 2 isa map g: X > @(1,Z) such that g(x)(0) = a(x) 
and g(x)(1) = (a) for all x € X, or a map h: I x X > Z such that h(0,2) = a(x) and 
h(1,x2) = B(x) for all « € X. If X is locally compact Hausdorff, a homotopy from a to £ is 
equivalent to a map k: I > @(X, Z) with k(0) = a and k(1) = 8, ie., a path from a to 6 in 
the space @(X, Z). 

Homotopy theory is the part of (algebraic) topology that views homotopic maps a and 
as being identical, i.e., only considers homotopy classes [a] = {3: a ~ 8} of maps. This leads 
to a weaker notion of isomorphism than homeomorphism (topological equivalence), namely 
homotopy equivalence: Two spaces X and Y are homotopy equivalent if there exist maps 
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o: X + Y andw: Y > X such that the composite ~¢é: X > X is homotopic to the identity 
id: X — X, and the composite gw: Y — Y is homotopic to the identity id: Y — Y. 

For general topological spaces, homotopy equivalence is a much weaker condition than 
homeomorphism. However, for some classes of spaces, such as manifolds, the relationship is 
surprisingly much closer. For instance, the Poincaré conjecture asserts that any 3-manifold that 
is homotopy equivalent to S? is in fact homeomorphic to $*. This was famously proved by 
Grigori Perelman in 2003. The generalized Poincaré conjecture, that any m-manifold that is 
homotopy equivalent to S’” is homeomorphic to S™ is easy for m = 1, classical for m = 2, was 
proved by Stephen Smale (1961) for m > 5, and by Michael Freedman (1982) for m = 4. 
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Chapter 7 


The Fundamental Group 


7.1 (851) Homotopy of Paths 


7.1.1 Line integrals 


Let X C R? be an open region in the plane, and consider a continuous vector field v defined 
on X. Here v: X — R? is a map giving a vector v(x) € R? at each point x € X. Consider also 
a continuously differentiable path f: [0,1] ~ X, parametrizing a curve C' in X from f(0) = xo 
to f(1) = 21. The line integral of v along C’ is then defined to be 


fe=f " w(fls)) #8) ds 


If we write u(x) = (v1(x), v2(x)) and f(s) = (fi(s), fa(s)), then o(f(s))- f"(s) = o1(F(s)) fils) + 
va(f(s)) fa(s). 

If v = Vp is the gradient field of a potential, i.e., a continuously differentiable function 
p: X + R with Op/Ox, = v1 and Op/Ox2 = ve, then v(f(s)) - f’(s) = (po f)'(s) by the chain 
rule, and 


1 1 ; 
| u(f(s))- f(s) ds 2} (po f)'(s)ds = [po f], = p(x1) — p(xo) 
0 0 


only depends on p and the end-points xg and x; of C. In particular, it does not depend on the 
choice of curve leading from xp to x1 (other than that such a curve exists). In this case we say 
that v is exact, following Poincaré (1899). 

If v is itself continuously differentiable, it may happen that 0v,/Or_ = Ov2/Ox1, even if v 
is not actually the gradient of a potential defined over all of X. We call such a vector field 
closed. Exact vector fields are closed, since 0v1/0x2 = 0%p/0x10x2 = Ov2/Ox1. The Poincaré 
lemma states that any closed vector field is locally the gradient of a two times continuously 
differentiable function, but these local potentials may not fit together to a global potential. 


Example 7.1.1. For the vector field 


= (—2x2, 21) 
v(41, £2) = ee ra x 
on X = R? — {(0,0)} we have 
Ov1 x3 — xt Ov2 
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so v is closed. However, for the loop f(s) = (cos(27s),sin(27s)) parametrizing the unit circle 


. fo= fou -f(e)ds= [ands =2n £0 


cannot be p(#1)—p(a) for any potential p, since xp = f(0) = (1,0) is equal to x, = f(1) = (1,0). 
Hence v is not exact. 


However, for closed vector fields v the line integral Sov is still somewhat independent of 
the curve C' leading from x9 to 71. More precisely, the line integral is invariant under suitable 
deformations of C. If Co and C{ are curves from x9 to x; that together form a simple closed 
curve bounding a region D in the plane, with D C X, then Green’s theorem tells us that 


Ov Ov 
[o-f v= ff ( (<= — —+*) deiday. 
Co Ci Oxy Day) 
If v is closed, then the integrand over D is zero, so Jeo ve, CO, U: The key role of the geometric 
hypothesis on Co, C; and the region D can be expressed in terms of parametrizations fo: [0,1] > 


X of Co and f,: [0,1] > X of Ci. We can deform Co through D, keeping the endpoints fixed, 
to end up at Cy. In terms of the parametrizations, there is a continuous family of functions 


fi: [0,1] — X 


for 0 <¢ <1, starting at fo and ending at f), such that f,(0) = vp and f;(1) = x, for all t. The 
continuity of the family (f;); is more conveniently expressed in terms of the adjoint map 


F: [0,1] x [0,1] — X 
F(s,t) = fils), 


subject to F(s,0) = fo(s), F(s,1) = fi(s) for all s € [0,1] and F'(0,t) = xo, F(1,t) = 21 for all 
t € [0,1]. We call F' a path homotopy from fo to fi. If F is continuously differentiable, we can 
pull the vector field v on X back to a vector field w = (w1, w2) on [0,1] x [0,1], given by 


(1 (s,t),un(5,0) = (Fst) eo FO) (Seas Selon] 


If v is closed, then w is closed and by Green’s theorem applied to the parametrizing region 


(0, 1)°, 
i w= | v+0 i v—0 
90,1]? Co Cy 
Ow Ow, 
dsdt =0. 
TDi ae! Os Ot ) 0 


Hence the existence of the path homotopy F' from fo to fi as paths from xo to x1 in X is 


sufficient to ensure that 
| v= / U 
Co C. 


for closed vector fields v, more so than the hypothesis that Co (going forward) and C1 (in 
reverse) form a simple closed curve bounding a region contained in X. 


is equal to 
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7.1.2 Homotopy 

Let Y and Z be topological spaces. 

Definition 7.1.2. Two maps fo, f1: Y ~ Z are homotopic if there exists a map 
F:Y x (0,1) > Z 


with F(y,0) = fo(y) and F(y,1) = fi(y) for all y € Y. In this case we write fo ~ fi, and call 
Fa homotopy from fo to fi. 


Remark 7.1.3. We often use ¢ € [0,1] to indicate the homotopy parameter. For each t € [0, 1] 
let fr: Y - Z be given by fi(y) = F(y,t). Then each f; is continuous, and the rule t > f; 
defines a path [0,1] > @(Y,Z) connecting fp to fi, in the space of maps Y > Z with the 
compact-open topology. If Y is locally compact and Hausdorff we can conversely recover the 
homotopy F' from this path in the mapping space. 


Lemma 7.1.4. The homotopy relation ~ is an equivalence relation on the set of maps Y > Z. 


Proof. For each f: Y > Z there is a constant homotopy F’: Y x [0,1] > Z from f to f given 
by F(y,t) = f(y). - 

If F: Y x [0,1] + Z is a homotopy from fo: Y > Z to fi: Y — Z then F: Y x [0,1] > Z 
given by F'(y,t) = F(y,1—t) is a homotopy from f, to fo. 

If F: Y x [0,1] > Z is a homotopy from fo: Y + Z to fi: Y ~ Z and G: Y x [0,1] — Z 
is a homotopy from fi to fo: Y > Z, then there is a homotopy F«G: Y x [0,1] > Z from fo 
to fo given by 
Fy, 2t) for0<t< 1/2, 


(Fx G)(y,t) = i 2t-—1) for1/2<t<1. 


This defines a continuous map by the pasting lemma (Theorem 2.6.28) from §18, since Y x[0, 1/2 
and Y x [1/2, 1] are closed subsets that cover Y x [0, 1], and the functions F'(y, 2t) and G(y, 2t—1) 
agree on the overlap Y x {1/2}. 


Definition 7.1.5. The equivalence class of f: Y — Z under ~ is denoted 
fl={f:Y¥724|fe fy 
and is called the homotopy class of f. It is common to write 
[Y, 4] = @(Y, Z)/~ 
for the set of homotopy classes of maps Y > Z. 


Example 7.1.6. Let f, f’: Y — R? be any two maps to the plane. Then f ~ f’ via the 
straight-line homotopy 
F(y,t) =(1-#)f(y) + tf). 
For each y, the rulet 4 F(y,t) parametrizes the straight line segment in R? from F(y,0) = f(y) 
to F(y,1) = f"(y). 
More generally, if Z C R” is any convex subspace of R”, so that (1 — t)z + tz’ € Z for all 
z,z' € Z andt € (0, 1], then any two maps f, f’: Y > Z are homotopic. 


Example 7.1.7. If Y = {yo} is a single point, then the maps f: Y — Z correspond to the 
points z = f(yo) € Z. Two maps f, f’: Y + Z are homotopic if and only if there is a path 
from z = f(yo) to z’ = f(yo). Hence the homotopy classes of maps Y + Z correspond to the 
path components of Z, and the set of homotopy classes [Y, Z] corresponds to the set of path 
components of Z, often denoted 7(Z). 
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7.1.3 Path homotopy 


Let X be any topological space. 

We are particularly interested in the case when Y = [0,1] and Z = X, so that fo, fi: [0,1] > 
X are paths in X. We often use s € [0,1] as the path parameter. (In differential geometry, 
s is often used more specifically to indicate parametrization by path length, but we will not 
conform to this usage here.) 


Definition 7.1.8. Let ro,2, € X. A path in X from xq to x1 is a map f: [0,1] > X with 
#(0) =m and f(1) =m. 


Given xp and x1, a path in X from xg to xj is restricted in that the end points are already 
prescribed. The corresponding notion of path homotopy is similarly restricted. 


Definition 7.1.9. Two paths fo, fi: [0,1] — X in X from xo to x1, are path homotopic if there 
is a map 

F: [0,1] x [0,1] ~ X 
with F(s,0) = fo(s) and F(s,1) = f(s) for all s € [0,1], and F(0,t) = xo and F(1,t) = x1 for 
all t € [0,1]. In this case we write f ~, g, and call F' a path homotopy from f to g. 


For a path homotopy F': fo ~p fi the corresponding paths f;: [0,1] ~ X, with fi(s) = 
F(s,t), are all paths from x to 71. 


Lemma 7.1.10. The path homotopy relation ~, is an equivalence relation. 


Proof. The following three claims are easy to check by inspection of the definitions. 
The constant homotopy from f to f is a path homotopy. 
If F: fo ~ fi is a path homotopy, then F: f, ~ fo is a path homotopy. 
If F: fox fi and G: fi ~ fe are path homotopies, then FxG: fo ~ fe is a path homotopy. 


Definition 7.1.11. If f: [0,1] — X is a path in X from zo to x; we let 
Fl ={f | fp FF 
denote its path homotopy class. We then write 
m™1(X, 2%, 21) = {[f] | f is a path in X from zp to x1} 
for the set of such path homotopy classes. 


Example 7.1.12. If 29,21 € X = R? is the plane, and f, f’: [0,1] > R? are paths from x9 to 
x1, then the straight-line homotopy 


F(s,t) = (1—t)f(s) +¢f"(s) 


is a path homotopy, since F'(0,t) = (1 — t)ao + tap = x and F(1,t) = (1—t)a, + ta, = x for 
all ¢ € [0,1]. 

More generally, if 2,7, € X C R” is any convex subspace of R”, so that (1—t)a+ta’ € X 
for all x,’ € X and ¢t € [0,1], then any two paths f, f’: [0,1] > X from zo to x; are path 
homotopic. 
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Example 7.1.13. Let X = R? — {(0,0)} be the punctured plane. The paths 


f(s) = (cos(7s), sin(7s)) 
g(s) = (cos(ms), 2 sin(7s)) 


from (1,0) to (—1,0) are path homotopic: the straight-line homotopy in R? factors through X. 
However, the straight-line homotopy in R? from f to the path 


h(s) = (cos(7s), — sin(7s)) 


from (1,0) to (—1,0) passes through the origin at s = t = 1/2, hence does not give a (path) 
homotopy from f to h as paths in X. We shall prove later that f and h are not path homotopic 
in X. (They are homotopic as maps, ignoring the endpoint conditions, which is one reason why 
it is path homotopy that is the interesting relation.) 


7.1.4 Sums of line integrals 


If A is a curve in X from xo to 21, parametrized by f: [0,1] > X, and B is a curve in X from 
x1 to £2, parametrized by g: [0,1] > X, then C = AUB is a curve from 2p to x2, which can 
be parametrized by 

fxg: [0,1] — xX 
given by 
f (2s) for0<s< 1/2, 
g(2s—1) for1/2<s<1. 


(f *9)(s) = 


If f and g are continuously differentiable, then f * g will at least be piecewise continuously 
differentiable, which is good enough to make sense of line integrals over C’. In this case 


fon for fe. 


Hence the deformation-invariant values taking by the integrals Jov for closed vector fields v 
also have an algebraic structure, with addition of integrals corresponding to a composition of 
curves. 


7.1.5 Composition of paths 


Consider points 79, %1,%2,... in X. 


Definition 7.1.14. If f: [0,1] > X is a path from zo to x1, and g: [0,1] > X is a path from 
X1 to 2g, the composition f * g: [0,1] + X is defined to be the path 


_ J f(2s) for 0<s < 1/2, 
Feo) = (re for 1/2<s<1 


from x to xg. Note that f(1) = x; = g(0), so f * g is continuous by the pasting lemma. 


Lemma 7.1.15. If fo ~p fi are path homotopic paths from xo to x1, and go ~p gi are path 
homotopic paths from x1 to x2, then the compositions fo* go ~p fix gi are path homotopic paths 
from xo to x2. Hence there is a well-defined pairing of path homotopy classes 


T1(X, XO, £1) x m™1(X, 21, £2) -—> T1(X, Xo, £2) 
([f], [9]) > [Ff] * [go] = [f * 9] 


where f is a path from xo to x, and g is a path from x, to x2. 
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Proof. Let F: [0,1] x [0,1] + X bea path homotopy from fo to f1, and let G: [0,1] x [0,1] > X 
be a path homotopy from go to gi. Then F * G: [0,1] x [0,1] - X defined by 


F (2s, t) for 0<3-< 1/2, 


(F + G)(s,t) = fe —1,t) forl/2<s<1 


is a path homotopy from fo * go to fi * g1. 


Theorem 7.1.16. The operation * on path homotopy classes in a space X has the following 
properties: 


1. (Associativity) If f is a path from xo to x1, g a path from x to x2, and h a path from x2 
to 23, then 


2. (Left and right units) For x € X let cy: [0,1] > X denote the constant path at x, with 
C,(s) =x for all s € [0,1]. If f is a path from xo to x, then 


[Coo] * [f] = Lf] = Uf] * [ex]. 


3. (Inverse) For f: [0,1] + X a path from xo to xj let f be the reverse path from x1 to xo, 
with f(s) = f(1—s) for all s € [0,1]. Then 


[fl*[f] = [ceo] and [fF] * [f] = [en]. 


Proof. (1) The composition ([f] * [g]) * [A] is the path homotopy class of the path (f * g) *h 
given by 
f (4s) for0<s<1/4, 
((f *g) *h)(s) = 4 g(4s—1) for 1/4<s<1/2, 
h(2s—1) for1/2<s<1 


while [f] * ([g] * [h]) is the path homotopy class of the path f * (g * h) given by 
f (2s) for0<s < 1/2, 


(f *(g*h))(s) = 4 g(48—2) for 1/2<s< 3/4, 
h(4s — 3) for 3/4<s<1. 


These are not equal, but they are path homotopic. One choice of path homotopy F': (f*g)*h ~p 
f *(g * h) is given by the family of paths from zo to x3 that at time t € [0,1] traverses f for 
path parameter values 


O0<s<(1-#)(1/4)4+ 41/2) = (1+ 14)/4, 
then traverses g for 
(1+2)/4<s< (1—#)(1/2) + (3/4) = (2+24)/4, 
and finally traverses h for (2+ t)/4 <s <1. This leads to the following explicit formula: 


f(4s/(1 + t)) for0O<s< (1+t)/4, 
F(s,t) = ¢ g(4s—1-2) for (1+t)/4< 8 <(24+1)/4, 
h((4s —2—¢)/(2+¢)) for (2+t)/4<s<1. 
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It is continuous as a function of (s,t) € [0,1]?, by the pasting lemma. 
(2) The composition [cz] * [f] is the path homotopy class of the path cz, * f given by 


m4 N= 4 for 0<s< 1/2, 


f(@s—1) for1/2<s<1. 


This is not equal to f, but they are path homotopic. One path homotopy F': cg) * f ~p f is 
given by the family of paths that at time t € [0,1] remains at xo for parameter values 


0<s<(1—-2#)(1/2) +40) =(1-2)/2 


and then traverses f for 
(1-t)/2<s<1. 


This corresponds to the formula 


ris = 1 fore Sa)? 
f(Qs—1+)/+t)) for(l-d/2<s<1. 


Similarly, [f] * [cx,] is the path homotopy class of 


f(2s) forO<s<1/2, 
neal for 1/2<s<1. 


(f * Cx, )(8) = 


A path homotopy F: f ~» f * cz, is given by the family of paths that at time t traverses f for 
0<s<(1-1t)(1)+¢t(1/2) =1-1t/2 


and then remains at x1 for 
Atos ok 4c: 


This corresponds to the formula 


Hae ea 
eae 71 for 1—t/2<s<1. 


(3) The composition [f] * [f] is the path homotopy class of 


pe for 0 <s< 1/2, 
f(2-2s) for1/2<s<1, 


since f(2s—1) = f(1—(2s—1)) = f(2—2s). A path homotopy cz, Xp f*f is given by the family 
of paths that at time ¢t follows s+ f(2s) for 0 < s < t/2, remains at f(t) for t/2<s<1-t/2, 
and then returns with sh» f(2— 2s) for 1—t/2<s<1. 


f (2s) for0<s <t/2, 
Fist) =<-f@) for 1/2<s< 1-4/2, 
f(2-—2s) forl1—t/2<s<1. 


Again, this is continuous in (s,t) by the pasting lemma. 
A path homotopy cz, ~p f * f is obtained by replacing f with f in the path homotopy 
fa f ~p Cag: 
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Remark 7.1.17. The sets of path homotopy classes 
m™1(X, Xo, 21) 
for all pairs of points 79,2, € X, together with the pairings 
m™1(X, 20,21) X 11 (X, 21,22) —> 7 (X, 20, 22), 
subject to the properties of the theorem, form a categorical structure called a groupoid. For 
many purposes, little is lost by selecting a single point 2) € X, and focussing on the part of this 


structure where xp = 41 = 2%. The resulting structure is a group, which is a far more classical 
mathematical notion. 


7.2 (§52) The Fundamental Group 


7.2.1. The fundamental group 


Let xo € X be a fixed base point. We refer to the pair (X,20) as a based space. 
Definition 7.2.1. A path in X from 2x9 to xQ is called a loop in X based at xo, or a loop in 
(X, 20). Let 
m™1(X, 20) = {[f] | f is a loop in (X, x9)} 

be the set of path homotopy classes of loops in X based at xo. 

1™1(X, 29) is the same set as 7(X,2,X%0). Note that the composition f * g of two loops in 
(X, Xo) is again a loop in (X, 2). 
Lemma 7.2.2. The composition of path homotopy classes specializes to a pairing 

m™1(X, x0) X m(X, 29) — m1 (X, 20) 
([f], [9]) — [f] * lo] = [f * 9] 

where f and g are loops in X based at xo. 
Theorem 7.2.3. The set 7(X,20) with the composition operation * is a group, with neutral 
element e = [Cx,| and group inverse [f|~! = [f] for each loop f in (X, 20). 


Proof. The composition operation defines a group structure if it is (1) associative, (2) has a left 
and right unit, and (3) each element has a left and right inverse. All three conditions follow by 
specializing the previous theorem to the case where all paths are loops in X based at xo. 


Definition 7.2.4. 71(X, xo), with this group structure, is called the fundamental group of X 
based at xo. 


Example 7.2.5. If X C R” is convex, and xp € X, then 71(X, 20) = {e} is the trivial group. 
Theorem 7.2.6. If X is path connected and xo, 2, € X then 71(X,20) = m(X, 21). 
We omit the proof. (See Theorem 52.1 in Munkres.) 


Definition 7.2.7. A path connected space X is said to be simply connected if 71(X, 20) is the 
trivial group for some, hence any, base point x € X. 


A path connected space X is simply connected if and only if any two paths f and f’ in X 
from x9 to x; are path homotopic. 


Remark 7.2.8. For the fundamental group to be useful, we must of course have examples of 
spaces with non-trivial fundamental group. We shall see that for X = S the circle, based at 
so = (1,0) (or any other point), the fundamental group 71(S', so) is an infinite cyclic group, 
isomorphic to the additive group Z of the integers. In fact, any discrete group G can be realized 
as the fundamental group of some based space. 
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7.2.2 Periods 


If v is a closed vector field on X C R?, the rule 


if fw 


where f is a ((piecewise continuously differentiable)) loop in X based at xo, and C = f((0,1)), 
defines a group homomorphism 


v: m(X,2%) — R. 
? 


Up to some issues about whether continuous loops and path homotopies can be replaced with 
continuously differentiable loops and path homotopies, the example of the closed vector field 


(2, 1) 


ee 


on X = R? — {(0,0)} with fev = 27, where C = f([0,1]) is parametrized as a loop based at 
(1,0), going ‘once around’ the origin, shows that te v is nonzero. In particular, this shows that 
m™(X, 2x0) is an infinite group when X = R? — {(0,0)}, except for the abovementioned issues 
about replacing continuous functions with differentiable ones. 


7.2.3 Functoriality 


Definition 7.2.9. Let (X,x9) and (Y,yo) be based spaces. A based map h: (X,20) > (Y, yo) 
isa map h: X — Y such that h(xo) = yo. If f is a loop in X based at xo, then ho f is a loop 
in Y based at yo. Let 

hy: TX, Xo) => mY, Yo) 


be defined by h.([f]) = [ho f]. 
Lemma 7.2.10. hy, is a group homomorphism. 
We call h, the homomorphism induced by the based map h. 


Proof. This means that for closed loops f and g in (X, 29), the identity 
ha Lf] * [g]) = ha ([F]) * he ([91) 


holds in 7(Y,yo). The two sides are the path homotopy classes of the loops ho (f * g) and 
(ho f) * (hog), respectively. These are in fact the same loop, given by 


h(f (2s)) for0<s < 1/2, 


(ho (f * g))(s) = ((ho f) * (ho g))(s) = tate —1)) for1/2<s<1. 


Theorem 7.2.11 (Functoriality). If h: (X,20) > (Y,yo) and k: (Y, yo) > (Z, zo), then 
(koh). = ky 0 hy: 71(X, 29) — m(Z, 20) - 
If idx: (X, 29) + (X, x0) is the identity map, then 
(idx): ™1(X, Lo) —> 71(X, Xo) 


is the identity homomorphism. 
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Proof. If [f] is a loop in (X, xo) then 


(ko h)s([f]) = [(Roh) of] 


and 
kx (hs ([f])) = [ko (ho f)] 


in 71(Z, zo), and these are equal by the associativity of composition of maps: 


(ape ay er: 


Similarly, (idx ).([f]) = [idx o f] is equal to [f]. 


Remark 7.2.12. We say that the combined rule sending each based space (X, xo) to its fun- 
damental group 71(X,20) and sending each based map h: (X,20) — (Y,yo) to its induced 
homomorphism h, is a functor from the category of based spaces and based maps to the cat- 
egory of groups and homomorphisms. For now this is mostly fancy language to express the 
identity (koh), = k, o hy. 


Corollary 7.2.13. If h: (X,x%0) > (Y, yo) is @ homeomorphism then 
hy: 71(X, x0) + ™1(Y, yo) 
is a group isomorphism. 


Proof. If k = h~': (Y,yo) + (X,20) is the inverse homeomorphism to k, then ky, = (h~!), is 
an inverse isomorphism to h., because k, oh, = (koh), = (idx). is the identity on 7(X, x0), 
and h, ok, = (hok), = (idy)s is the identity on 71(Y, yo). 


Hence homeomorphic based spaces have isomorphic fundamental groups. In this sense the 
fundamental group is a topological invariant of based spaces. 

Once we show that 71($', so) is a nontrivial group, we can deduce the following 2-dimensional 
analogue of the intermediate value theorem. In fact, we will see that the inclusion 7: $1 > 
R? — {(0,0)} induces an isomorphism 


jx: ™(S1, 80) —¥ m(R? — {(0,0)}, 80), 


so determining the fundamental group of the circle is equivalent to determining the fundamental 
group of the punctured plane. 


Theorem 7.2.14 (Brouwer’s fixed point theorem). Let D? = {x € R?: ||x|| < 1} be the unit 
disc in the plane. Each map f: D? — D? has a fixed point, i.e., a point p € D? such that 


f(p) =p. 


Proof. Suppose that f: D? — D? is a map with no fixed point, so that f(p) # p for each 
p € D. Define a map r: D? > $1, where $1 = {x € R?: ||z|| = 1} is the unit circle, as follows: 
Draw the ray 


s+ (1—s)f(p) + sp 


in the plane, starting at f(p) for s = 0, passing through p for s = 1, and leaving D? at a point 
r(p) when s > 1 is such that ||(1 — s) f(p) + sp|| = 1. Here s and r(p) depend continuously on 
p, SO we get a map 

pep —s 8, 
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This would be a retraction of D? on S', in the sense that r|S l is the identity. To check this, note 
that for p € S' the ray from f(p) through p reaches $' at the point p, for s = 1, so r(p) = p. 
This is the assertion that r|$! = idg:. 

The functoriality of the fundamental group and the non-triviality of the fundamental group 
of the circle now leads to a contradiction. Let i: S' C D? denote the inclusion map. The 
composite map 

CLR 5 eas 


is the identity on S'. Hence the composite r, 0 i, of the induced homomorphisms 
m(St, 50) = m1(D?, so) = m(St, 50) 
is the identity homomorphism. However, D? C R? is convex, so 71(D?, so) & {e} is the trivial 


group and the image of r, 0 7, consists only of the unit element. Thus 7(S',s9) must be a 
trivial group (if f has no fixed point). 


7.3 (853) Covering Spaces 


Let $1 = {(x,y) € R? | 2? +y? = 1} be the unit circle, based at so = (1,0). In order to calculate 
the fundamental group 
m™(S!, 50) 


of path homotopy classes of loops in $1 at so, we will use the map 
p:R— S! 
p(x) = (cos(272), sin(27x)) . 


This map is particularly well-behaved, exhibiting R as a ‘covering space’ of $1. This will allow 
us to relate loops in S! to paths in R, in a way that is compatible with path homotopy. From 
the fact that R is simply connected, we will then obtain a bijection 


: ™1(S", 89) —+ p1(s9) =Z 


between the elements of 71(.$', sg) and the points in the preimage p~'(so) C R. That preimage 
is the set of integers, and a further analysis shows that the bijection ¢ is a group isomorphism: 
the pairing in the fundamental group corresponds to the addition of integers. 


Definition 7.3.1. A map p: E > B is called a covering map if each point in B has a neigh- 
borhood U c B that is evenly covered. This means that 


p ‘(U) = Il Va 


aed 
is the disjoint union of open subsets V. C E such that the restriction 
Piva : Va — U 
is a homeomorphism, for each a € J. 


We call p the projection, E the total space and B the base space of the covering map. For 
each b € B the preimage p~'(b) = {e € E | p(e) = dD} is called the fiber over b. 
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Example 7.3.2. The map p: R > S! given by BG ) = (cos(27x), sin(27x)) is a covering map. 
The open subsets U = $1 — {(—1,0)} and U’ = S! — {(1,0)} are evenly covered. To verify this 
for U, note that 


p ‘(U) = II —1/2,a+1/2) 


acZ 


is the disjoint union of open subsets Va = (a — 1/2,a@+1/2) C R, and the restricted map 
pivo : Va = U 
is a homeomorphism for each integer a € Z. Similarly, for U’ note that 


OS [[ (e+ 1) 


acZ 


is the disjoint union of open subsets Vi = (a,a +1) CR, and the restricted map 
plu: Ve — U' 
is a homeomorphism for each integer a € Z. 
Example 7.3.3. Let n © N. The n-th power map 
ps S —> s" 
p(cos(6), sin(@)) = (cos(n@), sin(n6)) 


is a covering map. Again the open subsets U = S$! — {(—1,0)} and U’ = S$ — {(1,0)} in the 
base are evenly covered. For example, 


p ‘(U) = {(cos(9), sin(9) |n@ Am mod 27} 
is the disjoint union of n open arcs in the total space. 


Remark 7.3.4. Note the difference between a cover, or covering, @ = {Ua}aeys of a space 
X = Une, Ua and a covering map p: E — B. The cover also gives rise to a map [],e7 Ua > X, 
but the notions are different. They are, however, both special cases of a more general notion. In 
the context of algebraic geometry, the common notion is that of a Grothendieck (pre-)topology, 
with the covers corresponding to the Zariski topology and the covering maps corresponding to 
the étale topology. 


7.4 (§54) The Fundamental Group of the Circle 


Let p: EF + B be a covering spaces. We now relate paths in F to paths in B. 


Definition 7.4.1. Let f: X — B be any map. A lifting of f is a map f: X — EF such that 
pof=f: 


xX 


Hence, for each x € X the point f(x) lies in the fiber of E above f(x). If X = [0,1], so that f 
is a path in B, a lifting of f is a path in E. 
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Proposition 7.4.2 (Unique path lifting property). Let p: E > B be a covering map, leteg € E 
and bo = p(eo), and let f be a path in B from bo. Then there exists a unique path f in E from 


eo that lifts f. 
E 
ae. 
Pp 
B 


by (0, 1] es 


€0 


bo 


Proof. Cover B by evenly covered open subsets U. The preimages f~!(U) form an open cover 
of [0,1]. By compactness, there is a Lebesgue number ¢€ > 0 for this open cover. Choose n € N 
such that 1/n < ¢, and let sy = k/n for eachO <k <n. 


0 = 80 < 81 < +++ < Se < Sega <0 <M Sn =H 1. 
Then for each 0 < k < n the interval [s;, 5441] lies in one of the preimages f~!(U), so 


f([Sk; Sk41]) CU 


lies in an evenly covered subset of B. 

We first show the existence of a lift ‘7 of f. Let fy = F\\o,s8] denote the restriction of f to 
the first k of these intervals of length 1/n. By (finite) induction on k, assume that fj, admits a 
lift fr: (0, sx] + E, subject to the initial condition fr(0) = €9. This is clear for k = 0. We will 
show that jf, can be extended to a lift Fvts [0, Sp41] 3 F& of fryt. 


0 f(r) frvi(Seoi) Ha Va —> E 
ee 
bo =F #(éuia) [Se, Sk41] U B 


As already noted, f(([s%,$+41]) lies in an evenly covered U C B. Let p~*(U) = [],e7 Va. The 
end point f;,(s,) of the lift f, lies in the fiber over fi,(s,) = f(sx) € U, hence lies in Vg for a 
unique 6 € J. Since 

Plv,: Vz —> U 


is a homeomorphism, we can use its inverse to define the extended lift: 


ane i nee x) for 0 <a < sz, 


Ply, © fryi(@) for sp <@ < Sx41. 


This is well-defined at x = s, by the choice of 6, hence is continuous by the pasting lemma. 
Clearly, po fra= Fe+1, $0 fps4 lifts fx4i over [0, $41]. After finitely many steps we obtain a 
lift f= f of f, starting at eo. 

Next we show that f: [0,1] > E is uniquely determined by po f =f and f(0) = eo. Suppose 
that f: [0,1] + E is asecond such lift. We show that Filo.sa] ve =f lina sz] for 0 < k < n by induction 
on k. The case k = 0 asserts that f(0 )= f (0), which is clear since both lifts start at eg. For 
0 < k <n we can assume that f(s,) = f(s,), and want to prove that Tie teeanal = Hise ava 
Since f maps [s,, 8,41] into an evenly covered U C B, with p~'(U) = [] <7 Va a disjoint union 
of open subsets of E, both f and f map [sz, 8x41] into [[,<¢7 Va. Let 6 € J be the index such 


that f(s.) = f(sx) lies in Vg. Since [s,, 8,41] is connected and the Vq are open, fli ) must 


[sk Sk+1 


be contained in only one of the sets Va, and since f(s,) € Vg, that set must in fact be Vg. 
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Likewise, cee must be contained in Vg. Now Div, : Vg — U is a homeomorphism, and in 
particular it is injective. Hence 


Ply © J lisse = Flise.se-4a] = piv, ° Flisessee1 


implies that f| 


= Pieters as required. 


[sk Sk+1] 


Proposition 7.4.3 (Homotopy lifting property). Let p: E + B be a covering map, let eg € E 
and bo = p(eo), and let F': [0,1] x [0,1] + B be a map with F(0,0) = bo. Then there exists a 
unique lifting F': [0,1] x [0,1] — E with F(0,0) = eo. 


(0, 1] x [0, 1] —> 


If F is a path homotopy from fo to fi, then F is a path homotopy from a lift fo to a lift fi. 


Proof. The proof is similar to that of the path lifting property, breaking [0, 1] x [0, 1] into smaller 
squares [S,, 8441] X [tk, th-41] that are mapped by F into evenly covered subsets of B, and using 
Ply, to inductively extend a lift of F' from (0,0) in a unique way to all of [0,1] x [0,1] 

Tf F is a path homotopy from fo to f1, where these are paths from bo to b;, then t +> F(0,t) 
is the constant path at bo. Hence t F(0, t) is a lift of this path, starting at F(0, 0) = eo. 
The constant path at eg is also such a lift, so by the uniqueness of path lifting we must have 
F(0,t) = eo for all t € 0,1]. Similarly, tH F(1,t) is the constant path at b;. Let e, = F(1,0), 
with p(e,) = by. The lift tH F(1,t) must then be the constant path at e;, by the same 
uniqueness argument as before. This shows that Fisa path homotopy, connecting two paths 
in E from €p to ey. 


We now come to the construction of the lifting correspondence 
-1 
ob: ™(B, bo) —> p (bo) 
that we will prove is a bijection in certain cases. 


Definition 7.4.4. Let p: E > B be a covering map, choose eg € FE and let bo = p(eo). Given 
an element [f] € 71(B, bo), equal to the path homotopy class of a loop f: [0,1] + B in B at bo, 
let f: [0,1] — E be the unique lift of f to a path in E starting at e9. Let 


o((f]) = f@) 


be the end-point of that lifted path. Then p(@([f])) = f(1) = bo, so ([f]) € p-1(bo) lies in the 
fiber of p over bo. 


If fo ~p fi are path homotopic loops at bo, and L fo and fi are lifts in E starting at eo, then 
the homotopy lifting property tells us that fo ~ a, fi. In particular, fo(d )= fi ). This means 
that ¢ is well-defined. 


Theorem 7.4.5. Let p: E > B be a covering map, choose eg € E and let bo = p(eo). If E is 
path connected then the lifting correspondence 


: ™1(B, bo) —+ p~ (bo) 


is surjective. If E is simply-connected, then is a bijection. 
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Proof. To prove that ¢ is surjective, when E is path connected, consider any point e € p~!(bo). 
By hypothesis there exists a path h: [0,1] > E in E from eg to e. Let f = poh: [0,1] > B be 
its projection to B. Then f(0) = p(eo) = bo and f(1) = p(e) = bo, so f is a loop in B at bo, and 
h= f is the unique lift of f to a path in EF starting at eg. Hence ¢ maps the path homotopy 
class [f] in 7(B, bo) to o([f]) = f(1) = h(1) =e. Thus ¢ is surjective. 

To prove that ¢ is injective, consider two loops f,g: [0,1] > B in B at bo such that ¢ maps 
both [f] and [g] to the same point e € E. Let f and g be the unique lifts of f and g to paths 
in EF starting at e 9, respectively. By assumption, fQ) = e = g(1), so we can form the loop 
fx g in E at eo. This is the composition of f with the reverse of g. By the hypothesis of 
simple-connectivity, there is a path homotopy 


Hi Peg) -Ce, 
from that loop to the constant loop at eg. Composing with p we obtain a path homotopy 
pH: f * 9 ~p Cho 


from f * g to the constant loop at bo. This means that [f] * [g]~! = e in 7(B, bo), so [f] = [g]. 
Hence ¢ is injective. 0 


Theorem 7.4.6. There is a group isomorphism 7(S', 89) & Z. 


Proof. The covering map p: R + S' given by p(x) = (cos(272), sin(27x)) maps e9 = 0 to bo = 
so = (1,0), and E = R is path connected and simply-connected, so the lifting correspondence 


: mS", 80) —+ p7*(s0) 
is a bijection. Here p~!(so) = Z C R. It remains to prove that this bijection respects the group 
structures, sending the composition * in 7(S1, s9) to the addition in Z. 

Let f,g: [0,1] > $1 be loops in S$! at so, with unique lifts f.G: [0,1] > R to paths in R 
starting at 0. Let f(1) = 4([f]) = m and g(1) = ¢({g]) = n. The composition [f] * [g] is the 
path homotopy class of f « g. We must show that ¢([f * g]) = m+n. To evaluate ([f * g]) 
we need to lift f * g. The first half of such a lift is given by f, traversed at double speed, and 
ending at f (1) =m. To continue the lift we may therefore not use g, which starts at 0. Instead 
we use g = m+ gq, given by 

G(s) =m + g(s) 
for s € [0,1]. Then g is a lift of g starting at m, so the composition - * g is well-defined. This 
is a lift of (f * 9g) = f *g starting at 0, i-e., 


Thus aes 

Of * gl) = f*90)) = 90) =m+ G0) =mt+n. 
This proves that $([f] « [g]) = m+n = $([m]) + ¢([n]), so that ¢ is a group homomorphism. 
Since it is bijective, it is a group isomorphism. 


Remark 7.4.7. This proof used the existence of maps T,: «1 m+a: R-> R with po7t,, = p, 
for each m € Z. These maps 7), are called the deck transformations of the covering map 
p: ROS). 


7.5  (§55) Retractions and Fixed Points 


Definition 7.5.1. Let 1: A Cc X. A retraction of X onto A is a map r: X — A such that 
rol id,. 
Ay*>X 
|: 
id’ 
A 


If such a map r exists, we say that A is a retract of X. 
Lemma 7.5.2. If rm € AC X and A is a retract of X, then ix: ™(A,x0) > m1(X,20) is 
injective. 
Proof. 
11(A, x0) ates 11(X, Xo) 


an 


TY (A, x0) 


Theorem 7.5.3. There is no retraction of D? onto S'. 


Proof. 7(S", 89) + 7(D?, 89) is not injective. 


Theorem 7.5.4 (Brouwer’s fixed point theorem for the disc). If f: D? + D? is continuous, 
then there is ap € D? with f(p) =p. 


We already proved this: if f(a) # x for all 2 € D? then there is a retraction r: D? > S!, 
specified by asking that f(x), x and r(x) lie on a line, in that order. 


Corollary 7.5.5. If A € M3(R) is a3 x 3 matrix with positive entries, then A has a positive 
eigenvalue > 0. 


Proof. Let D = {(a,y,z) € R® | a2 + y2 +2? = 1;2,y,z > 0}. There is a homeomorphism 


h: D = D?. Define f: D > D by f(v) = Av/||Av||. Then hfh-t: D? — D? is continuous, 
hence has a fixed point p. Let v = h~1(p). Then f(v) =v, so Av = Xv with \ = ||Avl] > 0. 


7.6 (§56) The Fundamental Theorem of Algebra 


Theorem 7.6.1. Letn > 1 and an_1,...,a9 € C. The polynomial 
P(z) = 27+ Gee besa ag 
has at least one root z € C. 
Proof. Choose R > 1 so that 
ldn—1] +--+ |a1|+ |ao| < R. 
For w € C with |w| = R we have 


lan_yw" 1 + +--+ aw +ao| < |an1|RP-1 +--+ + lar |R + a0 
S< (|@n—1] +++ + far| + lao|)R"™ 
< R= |v)" 
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so the straight-line homotopy 


F(w,t) = (1 —t)w” + t(w” + an_rw™ 1 +--+ + aw + ag) 


=w" + t(an_yw™ 1 +---+a,w tao) 


is never zero for |w| = R and t € (0, 1]. 
Assume, in order to derive a contradiction, that P(z) 4 0 for all z € C. Consider S$! Cc D? 
as subspaces of C, based at sg = 1. Let 


ASS x UD? ey 
be based at 29 = (1,0), and define a map G: X > S$" by 
G(z,t) = F(Rz,t)/|F(Rz, t)|. 


This is well-defined, because for z € D? we have F(Rz,1) = P(Rz) 4 0, by our assumption, 
and for z € S! we have |Rz| = R, so F(Rz,t) £0 for ¢ € [0,1]. In particular, 


G(z,0) = F(Rz,0)/|F(Rz,0)| = (Rz)"/|(Rz)"] = 2" 


for z € S'. Hence we have a commutative diagram of based spaces and based maps 
g 


where i(z) = (z,0) and g(z) = 2”. Note that there is a homeomorphism h: (X,29) = (D?, so), 
given by h(z,t) = (1 —t/2)z for (z,t) € S' x [0,1] and A(z, 1) = z/2 for (z,1) € D? x {1}. 

Applying the fundamental group, we obtain a commutative diagram of groups and homo- 
morphisms 


m($1, 8) (Xe) 


oA le 


m(S", 50) . 


On one hand, g.: 7(S1, 89) — 71(S', so) maps the generator of 71(S!, so) & Z, given by the 
path homotopy class [f] of the loop f(s) = e?"** ¢ (cos(27s),sin(27s)) to the path homotopy 
class of the loop 

of (s) = (€?"*8)” = e?™*"5 25 (cos(2ans), sin(2mns)) . 


Under the lifting correspondence ¢: 71(S", 80) = Z, we have ¢([f]) = 1, since f(s) = s lifts 
f and f(1) = 1. Similarly, 4({gf]) = n, since gf(s) = ns lifts gf and gf(1) = n. Hence 
gx: T1(S1, 89) 4 71(S!, so) maps the generator [f] of 71(.S', so) to 


(with n copies of [f]), corresponding to multiplication by n in Z. Since n > 1, this is not the 
trivial homomorphism. 

On the other hand, hy: 71(X,20) & 71(D?, so) = {e} is the trivial group, so the composite 
G, 01, is the trivial homomorphism. This contradicts the identity g, = Gs 0 tx. 
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7.7 3-manifolds 


Any compact 3-manifold is the disjoint union of a finite set of compact, connected 3-manifolds. 
A compact, connected 3-manifolds is said to be irreducible if each embedded sphere ($7) bounds 
an embedded ball (B*). Otherwise the 3-manifold is reducible and can be simplified by cutting 
it open along the embedded 2-sphere and gluing in a ball on each side. This process stops after 
finitely many steps. 

Here is a post on irreducible 3-manifolds and their fundamental groups, by Bruno Martelli 
on mathoverflow.net: 


Perelman has proved Thurston’s geometrization conjecture, which says that every 
irreducible 3-manifold decomposes along its canonical decomposition along tori into 
pieces, each admitting a geometric structure. A “geometric structure” is a nice 
riemannian metric, which is in particular complete and of finite volume. 


There are eight geometric structures for 3 manifolds: three structures are the con- 
stant curvature ones (spherical, flat, hyperbolic), while the other 5 structures are 
some kind of mixing of low-dimensional structures (for instance, a surface © of genus 
2 has a hyperbolic metric, and the three-manifold x St has a mixed hyperbolic 
x $1 structure). 


The funny thing is that geometrization conjecture was already proved by Thurston 
when the canonical decomposition is non-trivial, i.e., when there is at least one torus 
in it. In that case the manifold is a Haken manifold because it contains a surface 
whose fundamental group injects in the 3-manifold. Haken manifolds have been 
studied by Haken himself (of course) and by Waldhausen, who proved in 1968 that 
two Haken manifolds with isomorphic fundamental groups are in fact homeomorphic. 


If the canonical decomposition of our irreducible manifold M is empty, now we 
can state by Perelman’s work that M7 admits one of these 8 nice geometries. The 
manifolds belonging to 7 of these geometries are well-known and have been classified 
some decades ago (six of these geometries actually coincide with the well-known 
Seifert manifolds, classified by Seifert already in 1933). From the classification one 
can see that the only distinct manifolds with isomorphic fundamental groups are 
lens spaces (which belong to the elliptic geometry, since they have finite fundamental 
group). 

The only un-classified geometry is the hyperbolic one. However, Mostow rigidity 
theorem says that two hyperbolic manifolds with isomorphic fundamental group 
are isometric, hence we are done. Some simple considerations also show that two 
manifolds belonging to distinct geometries have non-isomorphic fundamental groups. 


Therefore now we know that the fundamental group is a complete invariant for 
irreducible 3-manifolds, except lens spaces. 


— — — END OF NOTES — — — 
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